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1. INTRODUCTION

In this paper, we present the results of numerical
experiments aimed at modeling the dynamics of a mod-
erate-density Z-pinch on characteristic time scales of
about 600–700 ns [1–3]. The computer code devised
for simulations is based on the hydrodynamic model
developed in [4] and on the kinetic model describing
the dynamics of ionization states [1]. In the experi-
ments of [1–3], the pinch was created with the help of
a ring nozzle with an electromagnetic valve in CO

 

2

 

,
which served as the standard working gas. Since our
numerical experiments were based on one-fluid MHD
theory, we considered a purely carbon gas jet. The main
objective of our simulations was not only to reproduce
the experimental results in detail but even more impor-
tantly to prove the feasibility of our combined method
and to test numerical techniques. The reason is that the
most informative methods for investigating pulsed
plasmas (regardless of the way in which they are pro-
duced) are provided by spectroscopy and the most con-
venient objects in testing spectroscopic methods are Z-
pinches, which ensure a sufficiently high radiation
intensity and high reproducibility of results at relatively
low cost of experiments.

2. MATHEMATICAL MODEL AND BRIEF 
DESCRIPTION OF THE NUMERICAL METHOD

The MHD part of the combined method assumes the
solution of the following one-dimensional model equa-
tions of motion for a two-temperature one-fluid plasma
in a magnetic field in dimensionless form:
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where 

 

Q

 

r

 

 is the radiative (bremsstrahlung) loss power
and 

 

Q

 

ei

 

 is the power of collisional energy exchange
between electrons and ions. The subscripts 

 

e

 

 and 

 

i

 

 refer
to electrons and ions, respectively. Most of the notation
is standard: 

 

P

 

 without the subscript is the total pressure
(i.e., the sum of the partial pressures of plasma elec-
trons and ions), and the function 

 

J

 

(

 

z

 

eff

 

)

 

 accounts for
energy losses from ionization. The equations were non-
dimensionalized with respect to the following main
scales: the time scale is 

 

[

 

t

 

] = 10

 

–7

 

 s, the length scale is
[

 

r

 

] = 1 cm, the mass density scale is 

 

[

 

ρ

 

] = 10

 

–3

 

 g/cm

 

3

 

,
and the temperature (energy) scale is [

 

T

 

] = 1 keV. The
plasma is described by the ideal gas equations of state:

 

(2)

 

Here and below, 

 

A

 

 is the number of nucleons in a
nucleus (the atomic weight). The model equations are
written in dimensionless form. The power of collisional
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energy exchange between electrons and ions is

(3)

and the radiative loss power is

(4)

The electron and ion thermal diffusivities are chosen
to be

(5)

and the magnetic viscosity has the form

(6)

where zeff is the effective ion charge number in the
plasma. Our earlier studies showed that plasma magne-
tization at ωBe � ωpe (or equivalently B2 � nmc2) has no
significant effect on the macroscopic pinch dynamics.
That is why we assumed that the plasma is unmagne-
tized, the more so because we were primarily interested
in proving the feasibility of our combined method.

At the outer pinch boundary, we imposed the condi-
tions corresponding to those at the boundary between a
plasma and vacuum. In this case, the azimuthal mag-
netic field at the boundary is related to the total current
in the external electric circuit by the familiar dimen-
sionless relationship

where I is the current in the external circuit and R is the
instantaneous radius of the corresponding point in the
Z-pinch corona.

The above set of MHD equations was solved by the
method of separation of the scales of the physical pro-
cesses. In the first stage of calculations, the code takes
into account the plasma motion and solves inviscid
MHD equations without allowance for dissipative
effects. The difference scheme is constructed using
Lagrangian mass coordinates and provides the second-
order approximation in the spatial variables. In order to
reduce the oscillations that appear in calculating dis-
continuous solutions (such as shock waves and contact
and tangential discontinuities), the pressure term is sup-
plemented with an artificial viscosity term. The simula-
tions were carried out with a combination of linear and
quadratic viscosity coefficients [5]. The explicit, com-
pletely conservative difference schemes that were
implemented computationally in the code are analo-
gous to those described in [5]. The code also imposes
restrictions on the minimum size of cells of the differ-
ence mesh. When the spatial dimension of one of the
cells becomes smaller than the minimum allowable
dimension, all of the quantities (specifically, not only
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the “traditional” parameters such as the plasma temper-
ature, momentum, and mass but also the mean ion
charge in the cell and radiative losses) are conserva-
tively recalculated for a new mesh. Since an algorithm
for such recalculation is fairly obvious, we do not
describe it here. The numerical methods used in com-
putations are quite similar to those applied in earlier
papers [4, 6]. In the next stages of calculations, the code
solves the equations for the electron and ion thermal
diffusivities and the magnetic-field diffusion equation
by the flux sweep methods [7]. In the final stage, the
code takes into account the energy exchange between
electrons and ions and also radiative losses. The sets of
ordinary differential equations (ODEs) that are pre-
cisely determined in this stage of separation of the
scales of the physical processes are solved by the
method of trapezoids.

In each Lagrangian cell in each hydrodynamic time
step (or several steps), the code integrates (on the intrin-
sic kinetic time scale) a set of 200–300 ODEs determin-
ing the population of the quantum states of plasma
atoms and ions. All of the seven charge states of carbon
atoms are taken into account. For the first six charge
states, systematic account is taken of the lowest 20–40
terms for electron configurations with one or two
excited electrons. The higher terms are modeled by
Rydberg levels with the statistical weights taking into
account all of the terms of the residual atomic core [8].
For each charge state, the Rydberg levels are used to
model all higher-lying levels, up to the instantaneous
effective boundary of the continuum; in turn, this
boundary is usually calculated in the ion sphere approx-
imation (and, more rarely, in the Debye–Hückel
approximation) [9]. The effective decrease in statistical
weights for higher-lying levels as the boundary energy
of the continuum decreases [10] is neglected because of
the contradictions between the approaches to estimat-
ing this effect quantitatively (see, e.g., [11, 12]). The
model used in our simulations assumes that, as the
energy of a discrete level becomes higher than the
boundary energy of the continuum, all of the electrons
occupying this level remain unbound. An increase in
the ionization potential above its previous value (e.g.,
during plasma expansion) is accompanied by the repro-
duction (or appearance) of the higher lying discrete
quantum states, whose population is calculated from
the Saha–Boltzmann relationships, which are valid for
all discrete levels adjacent to the boundary of the con-
tinuum [9, 13].

The set of kinetic equations describes the popula-
tions of all quantum states incorporated into the model
and expresses each of the populations in terms of the
instantaneous populations of the remaining quantum
states and the probabilities for all possible quantum
transitions. Under the thermodynamic conditions pre-
vailing in small Z-pinches (in the case at hand, the
plasma line density is up to 50 mkg/cm), the most prob-
able transitions are spontaneous radiative transitions
and transitions induced by free electrons. Transitions
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induced by the radiation field and ion impact are
neglected because they are far less probable. The model
incorporates the following one-electron processes: one-
electron ionization (in the case at hand, the ejection of
an electron from the outermost shell and from the near-
est nl subshell, including ionization to the excited states
[14, 15]) and transitions within the same charge state
(collisional excitation and deexcitation as well as spon-
taneous radiative transitions).

For carbon, the data on the Grotrian diagrams for an
atom and ions, the energies of the bonded states, the
oscillatory forces, and the ionization potentials in vac-
uum are available in the NIST Atomic Database
(http://physics.nist.gov/). In the computer code, the
probabilities of all collision processes are expressed in
terms of their cross sections for an arbitrary distribution
function. In this paper, we present the results that were
obtained only for a Maxwellian distribution function.

The cross sections for one-electron ionization are
described by the semi-empirical formula [16], which is
a refined version of the Lotz formula (see, e.g., [17]).
Numerous comparisons with the results of quantum
mechanical calculations showed that, to within 20%,
the semi-empirical formula [16] yields the same ioniza-
tion cross sections as the disturbed wave (DW) method,
including the cross sections for ionizations from and to
the excited states. The cross sections for the reverse
processes (three-body recombination) are expressed
through the ionization cross sections in accordance
with the principle of detailed balance [18, 19], which is
a consequence of the quantum mechanical reciprocity
theorem [20]. The cross sections for multielectron ion-
ization is calculated from the formula obtained in [21].
The cross sections for radiative recombination are
described by the Milne formula [18, 19], which relates
them to the associated photoionization cross sections,
described, in turn, by the Kramers formula. It is well
known that, for many-electron ions, the Kramers for-
mula also provides a satisfactory degree of accuracy
[9]. The dielectronic recombination is described in
accordance with the monograph by Griem [9]. The
cross sections for all of the excitation processes are cal-
culated by L.A. Vainshtein’s ATOM software program
[22, 23], written on the basis of the Coulomb–Born
method with allowance for exchange and renormaliza-
tion. The excitation cross sections are included into the
corresponding database and are then used to calculate
the excitation probabilities. The cross sections for the
reverse processes are expressed in terms of the excita-
tion cross sections through the Klein–Rossealand for-
mula [18, 19], which reflects the principle of detailed
balance.

Previously, the model described here (or, more pre-
cisely, the corresponding model for a zero-dimensional
Z-pinch) was tested by simulating different scenarios
for plasma ionization. The software program devised
for integrating the set of ODEs numerically is based on
the Gear method [24] and includes the corresponding

program module from the NAG library, which is widely
used in computations. According to the present-day
classification, the Gear method belongs to a class of the
so-called “multivalued” methods. Given that the step of
numerical integration is constant, the family of these
methods is equivalent to the backward differentiation
formulas [25–27]. The implicit backward differentia-
tion formulas provide a high degree of approximation
by the use of the results calculated at several preceding
time steps, in which case, however, in several initial
time steps, the set of ODEs should be integrated by
some other numerical method. In contrast to these for-
mulas, the Gear method starts to integrate the equations
immediately from the first time step and has a variable
order of approximation (convergence). At several initial
time steps, it may have a somewhat lower order of con-
vergence [25]. These intrinsic properties of the Gear
method constitute its advantage in investigating the
zero-dimensional model, because they make it possible
to obtain solutions for different scenarios of the ioniza-
tion of Z-pinch plasmas, including those at the limits of
applicability of the physical model [21]. However,
computer programs making allowance for ionization
that were described in [21] are somewhat difficult to
combine directly with the above MHD module of the
code. In this context, the main advantage of the Gear
method (namely, an algorithm for automatic choice of
the time step, guaranteeing the desired accuracy)
becomes unnecessary because the equations of ioniza-
tion kinetics are integrated on a too short time scale
and, accordingly, the mean degree of approximation
decreases. On the other hand, the number of references
to the subroutine integrating the set of kinetic equations
is large.

In order to increase the mean order of convergence
of the Gear method and to successfully carry out inte-
gration over the above initial time steps, the subroutine
integrating the set of kinetic equations was called up
after a fixed number of time steps. Note that, during the
calculation of the processes occurring in a plasma, the
time intervals after which the subroutine integrating the
set of quantum mechanical equations was called up
became progressively shorter. Simultaneously, the ion-
ization processes being modeled became more rapid,
thereby shortening the time integration step and, as a
consequence, the time intervals after which the subrou-
tine integrating the set of kinetic equations was called
up.

The above features of the one-dimensional numeri-
cal method did not allow us to implement the two-
dimensional method on sufficiently fine difference
meshes, because a decrease in the spatial cell size leads
to a proportional decrease in the time step and, conse-
quently, worsens the approximation achievable in the
calculation of ionization processes. Using implicit
schemes does not improve the situation. The reason is
that it is necessary to satisfy not only the Courant con-
dition [28, 29] but also the following condition, which
is important for a correct description of the physical
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processes incorporated into the model: in each time
step, the perturbations in the pinch should propagate
through no more than one Lagrangian cell. These
restrictions could be overcome by using implicit
schemes, but then the model of ionization processes
would be incorrect. Nevertheless, the results obtained
in our numerical experiments are of interest from the
physical standpoint.

3. NUMERICAL RESULTS 
FROM THE ONE-DIMENSIONAL MODEL

We simulated a Z-pinch in a carbon plasma. The line
pinch density was in the range from 0.006 to 0.01
mg/cm, and the initial pinch radius was 2.6 cm. These
values are close to the experimental data of [1–3]. We
did not solved the electric-circuit equation but instead
interpolated the experimental dependence of the total
current in the circuit [1–3]. This dependence is well
approximated by a straight line corresponding to a cur-
rent rise time of 610 ns and a peak current of 300 kA.
Because of the large amount of calculations, we suc-
ceeded in tracing all stages of the Z-pinch evolution on

a mesh consisting of only 30 cells. A typical scenario
for the pinch evolution can be described as follows. Ini-
tially (during a time interval of about 200 ns), the
plasma is essentially at rest. The plasma of the liner is
slightly heated only in the nascent corona (a low-den-
sity current-carrying plasma region), and this process is
accompanied by a small increase in the effective ion
charge number. In the remaining liner regions, the ini-
tial ion charge number (0.9) is somewhat different from
its equilibrium value at these densities and tempera-
tures, so that the effective ion charge number also
increases only slightly (up to 0.93) and the plasma elec-
tron temperature decreases from 2 to 1.6–1.8 eV. At
about 200 ns after the switching-on of the current, the
liner starts moving, in which case the plasma is largely
concentrated near the outer pinch boundary and the
corona practically disappears; i.e., the “snowplow”
effect is observed.

Figure 1 illustrates the time evolution of the radial
profiles of the plasma mass density in the pinch. The
profiles shown in Fig. 1a were obtained at 0, 150, 225,
and 300 ns in the initial stage, during which the liner
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Fig. 1. Radial profiles of the plasma mass density obtained in the plasma compression stage and in the initial stage of plasma expan-
sion. The profiles in Fig. 1a were calculated at 0, 150, 225, and 300 ns. The profiles in Fig. 1b were calculated at 420, 510, 570, and
590 ns. The profiles in Fig. 1c were calculated near the time of maximum compression, i.e., at 610, 630, and 655 ns (from right to
left). The profile calculated at the time when the plasma starts expanding (690 ns) is shown by a light curve.
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plasma is at rest. At later times (up to about 550 ns), the
plasma is compressed in essentially the same manner.
The plasma mass is mostly accumulated in the snow-
plow region. The profiles shown in Fig. 1b were
obtained at 420, 510, 570, and 590 ns. We can see that,
after 550 ns, a shock wave forms ahead of the snow-
plow region.

Figure 1c shows the radial profiles of the plasma
mass density calculated at 610, 630, 655, and 690 ns,
i.e., over the time interval from the instant at which the
current in the external electric circuit is switched on
(610 ns) to the instant at which the plasma starts to
expand (690 ns). The profile corresponding to the latter
instant is shown by a light curve. We can clearly see the
reflection of a shock wave from the pinch axis and the
formation of an entropic layer [7], in which the plasma
temperature is elevated and the plasma density is
depressed. Such entropic effects are an undesirable fea-
ture of the numerical methods used to solve the MHD

equations. The entropic layer is present throughout all
subsequent stages of calculations and, as will be shown
below, decreases the reliability of the results obtained
in the stage of plasma expansion.

At the time of maximum compression, all the liner
plasma is essentially comes to a stop. Figure 2 shows
the radial profiles of the plasma velocity calculated at
610, 630, 655, 690, 730, and 770 ns. We can see that, at
650 ns, the plasma is practically at rest, and, at 690 ns,
it expands with a certain positive velocity. A disconti-
nuity in the plasma velocity is associated with the
reflection of the shock wave from the outer boundary of
the liner. The representative radial profiles of the
plasma mass density in the expansion stage (at 970 and
1170 ns) are shown in Fig. 3. The plasma velocity is
uniform along the pinch radius, the maximum velocity
at 1170 ns is about 3 cm/ms, and the radius of the
entropic layer, which is present as before, is now about
5–6 mm.

Figure 4 illustrates the time evolution of the radial
profiles of the electron and ion temperatures. The pro-
files were calculated at 610, 630, 655, and 690 ns. It is
notable that the ion temperature in the entropic layer
increases considerably (from 1300 to 4000 eV). The
possible causes of this phenomenon will be discussed
below. The ion temperature values behind the shock
wave seem to be quite realistic (from 300 to 800 eV).
This is also true for the electron temperature values in
the main plasma (from 50 to 80 eV) and in the corona
(from 100 to 350 eV).

Note that, at these times, the plasma is ionized
almost completely, except in the maximum density
region, in which the mean ion charge number is about
five. The dynamics of the mean ion charge number in
the plasma at earlier times (at 420, 510, 570, and 590
ns) is illustrated in Fig. 5. The ion charge in the corona
increases because, at such electron temperatures, the
magnetic field does not penetrate into the plasma, but
rather is completely concentrated in the skin layer.
Under these conditions, the Joule heating of the plasma
in the skin layer plays an important role: in particular,
it increases the mean ion charge. Initially, an increase in
the mean ion charge ahead of the skin layer is associ-
ated with the effects of electron heat conduction, and
later, with the combined action of electron heat conduc-
tion and the heating by a propagating shock wave.

Unfortunately, a completely developed shock wave
affects the course of calculations: it slightly decreases
the reliability of the results computed in the stage of
plasma expansion.

We now address the question of the temperature
increase immediately before the focusing of the shock
wave at the pinch axis. This increase can only be
explained as being due to the formation of one more
(weaker) shock wave, which was focused at the axis at
an earlier time and was not captured numerically
because the time intervals after which the calculated
results were read into computer memory were too large.
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Fig. 2. Radial profiles of the plasma velocity calculated at
610, 630, 655, 690, 730, and 770 ns (from top to bottom).
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Fig. 3. Radial profiles of the plasma mass density obtained
in the stage of plasma expansion (at 970 and 1170 ns).
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Such a wave does indeed exist and was captured in the
simulations of a pinch with a line density of 0.01
mg/cm and with small values of the artificial viscosity
coefficients on the difference mesh.

Because of the larger mass of the pinch, it was com-
pressed on a somewhat longer time scale (about 695
ns). Figure 6 shows the radial profiles of the effective
ion charge number, plasma mass density, and electron
and ion temperatures calculated at 670 and 690 ns.

In the case of a liner with a line density of 0.01
mg/cm, the time 690 ns coincides not only with the time
at which a weaker shock wave starts to form but also
with the time at which the previous shock wave is
reflected from the axis. On the calculated profiles, one
can see the nascent entropic layer and oscillations stem-
ming from the small artificial viscosity used in the sim-
ulation of the liner under consideration. The oscilla-
tions are most pronounced in the radial profile of the
electron temperature. The oscillations of the effective
ion charge number result from those of the electron
temperature.

Another interesting effect revealed in simulations is
that the electron temperature and effective ion charge
number oscillate in a fixed Lagrangian cell. Such small-
amplitude periodic variations in the electron tempera-
ture in a fixed cell were observed between 300 and 500
ns in essentially all of the calculation versions. Unex-
pectedly, this effect was also captured by two-dimen-
sional modeling.

4. RESULTS OF TWO-DIMENSIONAL 
SIMULATIONS

Here, we describe the results of modeling of a pinch
with a line density of 0.006 mg/cm, an initial radius of
2.6 cm, and a length of 2.6 cm. The pinch was initiated
in a carbon gas between two electrodes, which were
assumed to be “cold” (in simulations, their temperature
was set equal to zero) and impenetrable by the plasma.

The corresponding boundary conditions for Eqs. (1)–
(5) were chosen to be analogous to those used in [4].

Up to 500 ns, a two-dimensional pinch evolves in
the same manner as a one-dimensional pinch, the only
difference being that the plasma temperature near the
cold electrodes is slightly depressed. The discrepancy
between the evolutions becomes significant on longer
time scales. The depressed temperature of the electrode
plasmas (Fig. 7) gives rise to a slight longitudinal (in
the z-direction) plasma inhomogeneity, which is
enhanced by oscillations of the plasma temperature and
of the effective ion charge number. As a result, two
inward-directed plasma jets form at a distance of about
0.3 cm from each of the electrodes. The jets are dis-
tinctly seen in the ion pressure distribution in Fig. 8 and
in the projections of the isolines of the plasma mass
density in Fig. 9.

Figures 7–9 show the distributions calculated at 630
ns, at which time two jets reach the symmetry axis (Fig.
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Fig. 4. Dynamics of the (a) electron and (b) ion temperatures. The radial profiles were calculated at 610, 630, and 655 ns. The pro-
files calculated at the time when the plasma starts expanding (690 ns) are shown by the light curves.

Fig. 5. Radial profiles of the mean ion charge calculated in
the liner compression stage (at 420, 510, 570, and 590 ns).
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8) and the third jet forms in the main pinch just between
the electrodes. This jet is seen in both the ion pressure
(Fig. 8) and plasma mass density (Fig. 9) distributions.
It appears in the region of elevated electron tempera-
ture.

After the jet reaches the pinch axis, the electron and
ion temperatures in the axial region increase. The cal-
culated results show that the ion temperature increases
to a significant extent, specifically up to 6–7 keV, which
is high in comparison with the ion temperature in the
“cold” regions (4 keV). However, such a significant
increase is only associated with the entropic effects. In
the electron temperature distribution, similar hot points
appear somewhat later. They are associated with the
energy exchange between very hot ions and compara-
tively cold electrons and are less pronounced than those
in the ion temperature distribution. The presence of hot
points at the pinch axis can be established primarily
from the calculated ion pressure distribution, because
the ion pressure is least sensitive to the entropic effects.

Unfortunately, we failed to obtain the two-dimen-
sional picture of plasma motion on time scales longer
than 670 ns.

On time scales of up to 500 ns, the perturbations of
the outer pinch boundary were found to result only in
slight deviations from the evolution of a one-dimen-
sional pinch.
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Fig. 6. Reflection of a shock wave from the axis and formation of a subsequent shock wave during the evolution of a pinch with a
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Fig. 7. Electron temperature distribution in two-dimen-
sional modeling.
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5. USE OF THE CLUSTER OF PERSONAL 
COMPUTERS FOR TWO-DIMENSIONAL 

SIMULATIONS

Estimates show that, with present-day single-pro-
cessor personal computers (PCs), numerical integration
of two-dimensional problems on fine meshes (contain-
ing from 60 × 134 to 100 × 204 Lagrangian cells) usu-
ally takes from a week to a month of computer time.
Because of this, it is desirable to exploit parallel com-
puters. Since most of computer time (up to 90%) is
expended on simulating the kinetic (quantum mechani-
cal) part of the problem, it is expedient to parallel only
kinetic calculations, whereas the hydrodynamic pro-
cesses and magnetic field diffusion can be simulated, as
before, on a single-processor PC.

Even with the semiautomatic estimation of the run
time of the program (™BERT77, the trademark of Par-
alogic, Inc., http://www.plogic.com), it was not possi-
ble to estimate the total time required to execute it,
because the cycles in the program are organized so that
it terminates only when the prescribed accuracy is
achieved. In order to estimate the actual efficiency of
using a parallel computer, we carried out some test
measurements in solving the kinetic part of the problem
on the above difference mesh under the Linux operating
system on a PC with a Celeron-366 microprocessor. On
the average, this part took 27 minutes of computer time.
That the kinetic part can be calculated for each
Lagrangian cell independently opens great possibilities
for using parallel computers. In order to distribute the
kinetic calculations almost equally between 12 proces-
sors in a PC cluster, the difference mesh was divided
into 12 equal components in the radial direction. The
choice of the direction was dictated by the fact that the
main perturbations (shock waves) propagate from the
periphery of the plasma toward its center, so that, with
such a division of the plasma region, the processors
handle approximately equal number of Lagrangian
cells adjacent to the shock front.

The execution of the remaining part of the program
requires that the amount of information exchanged
between the PCs be 280 KB, which takes less than one
second.

Estimates showed that, on a PC cluster organized in
this way, calculating the kinetic part of the problem
takes about 2.5 minutes. With allowance for the time
required to execute all of the moduli of the program, the
cluster completes the problem 10.8 times faster than
does a single-processor PC.

Let us consider some of the results from two-dimen-
sional simulations on a PC cluster. The results again
refer to a pinch with a line density of 0.006 mg/cm, an
initial radius of 2.6 cm, and a length of 2.6 cm, but now
the simulations were carried out on a finer mesh. The
pinch was initiated in a carbon gas between two elec-
trodes, which were assumed to be “cold” (in simula-
tions, their temperature was set equal to zero) and
impenetrable by the plasma. In order to describe the

effects of the Rayleigh–Taylor instability, the condi-
tions imposed at the right boundary of the plasma
region specified a small sinusoidal perturbation with an
amplitude of 0.25 to 5% of the initial pinch radius. The
problem was solved on meshes containing from 60 ×
134 to 100 × 206 Lagrangian cells, and the correspond-
ing calculations on a 12-PC cluster took from 24 to 48
hours.

In order to illustrate the effects revealed in simula-
tions, we present the electron and ion temperature dis-
tributions calculated for a pinch whose right boundary
was perturbed sinusoidally at an amplitude of about
2.5% of the initial pinch radius. The temperature distri-
butions obtained from two-dimensional simulations on
a fine mesh are shown graphically in Fig. 10, in which
only each fourth point obtained in every direction is
plotted. We can see that the compression proceeds in
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Fig. 8. Ion pressure distribution and the initial stage of the
formation of hot points at the axis in two-dimensional mod-
eling.

Fig. 9. Distribution of the mass density of a plasma com-
pressed to one-tenth of its initial volume.
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essentially the same way as in the above one-dimen-
sional case. On such time scales, the Rayleigh–Taylor
instability does not affect the compression of the liner.
Nonetheless, small-scale structures are seen to appear
near the electrodes (Fig. 10). The PC cluster was capa-
ble of handling the problem on time scales of about
500–510 ns. On longer time scales, the simulations
were terminated because of the rapid deformation of
the Lagrangian mesh near the cooled electrode.

6. CONCLUSIONS

An analysis of the results of our one- and two-
dimensional simulations show that we can speak of the
formation of a high-density plasma layer and its subse-
quent transformation into a shock wave. Although our
numerical experiments provide indirect evidence for
such behavior of an imploding plasma, they cannot give
a detailed information about the underlying mecha-
nisms that cause it. It is also of interest to point out the

role of the supersonic propagation of the ionization
front: presumably, it is this factor that is responsible for
the destruction of a shock wave.

Note that our main results were obtained on fairly
rough meshes, containing from 17 × 17 to 27 × 47
Lagrangian cells. On a mesh with 30 cells, one-dimen-
sional calculations of all the stages of the process (com-
pression, pinching, and plasma expansion) on time
scales of about 1200 ns require 60–80 hours of com-
puter time on a PC with a Celeron-366 microprocessor;
moreover, about 90% of this time is expended on simu-
lating the kinetic (quantum mechanical) part of the
problem. Even with very rough meshes, two-dimen-
sional simulations of the pinch evolution up to the stage
of maximum compression require at least 100 hours.
The progress toward the development of the models
combining hydrodynamic and quantum mechanical
approaches is expected to be made through increased
use of parallel computers. That this way is promising is
evidenced, in particular, by the results of our work.
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Fig. 10. Electron and ion temperature distributions calculated on a fine (60 × 134) mesh on a PC cluster at 450 ns (only some of the
calculated points are plotted). Small-scale structures are seen to appear near the cooled electrode.
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