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Abstract. On the basis of av :xperimental data we demonstrate scating laws of electron-
impact multiple ionization cr.  :¢tions and propose expressions for the cross sections for
arhitrary atoms and ions.

1. Introduction

We consider multiple ionizations of atoms and atomic ions by electron impact:
e+ AT > e+ AT e m> 1 (1)

Here, ¢ = 0, 1, 2, ... is the charge of a target ion (atom) At and m is the number of
electrons emitted in one collision. Cross sections of this process are studied experimentally
for many atoms (mainly for m = 2 and 3) and for a few ions, but as yet there is no
general analytical expression for the cross section applicable to an arbitrary species A7*
and an arbitrary number m. The incompleteness of data poses difficulties in the study
of plasmas with overthermal electrons, since in these plasmas the contributions of multiple
ionization events (1) to the formation of highly charged ions may dominate the contributions
of consecutive single-ionization events {m = 1). A convincing example of the effect of
multiple ionizations on the charge state distribution in plasma is presented by Miiller [1].

Experimental data [2-30] demonstrate that the electron-impact multiple ionization cross
sections follow two scaling laws for two ranges of the kinetic energy ¢ of the projectile
electron. The first of the scaling laws is for one-step ionization, i.e. for direct ionization
of the ion A?Y into the ground state of A9+™*, This law is valid for kinetic energy ¢
below the energy thresholds of indirect ionization and direct ionization into excited states
of AlermH  Bxperimental data demonstrating the first scaling law and our formula for
multiple jonization cross section in the one-step range of energy are presented in section 2.
The second law is for total (one-step plus several-step) m-fold ionization cross sections in
the range of energy € sufficient to involve most-contributing several-step mechanisms. This
law is presented in section 3. The accuracy of scaling relations is within a factor of two
for most of the experimentally studied multiple ionization cross sections. On the basis of
the scaling laws, in section 4 we propose expressions for estimating m-fold ionization cross
sections o'a 4., (€) for arbitrary species A9 and energy €. Applicability of the scaling laws
to multiple ionization of negative ions A~ is discussed in section 5.
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2. First scaling law

Let T4 9.m be the minimal energy required for the extraction of m electrons from the ground
state of A?* by a single electron impact, and let I, o.m be the sum of ionization potentials

In i of species from A?F to AT )+ je

gim=1

,qm— Z Ing.

To our knowledge no data are available for Ja g m, except for the values which may be
inferred from the experimentally determined cross sections [2-30], The accuracy of these
values is generally better than 20% and within this accuracy

IAJN” ~ IA.q.m (2)

Let us introduce the scaled kinetic energy of a projectile electron

€
X =

IA.q.m

and scaled cross section

. (%)
aiq'm(x) = .S:g' . 3)
Ag,
Here o*;"‘g.m (€) is the experimentally determined cross section, the quantity
2 2
d ELAR d
Ston = Fotr () Ha @

is the scaling factor, ap is the Bohr radius, 7} is the jionization potential of the hydrogen atom
and ;ﬂ_q’m is the number of ways for one-step ionization, i.e. for direct m-fold ionization
into the ground state of A®@*™*_ This number is calculated as follows. Let £, and & be
the numbers of electrons in the outermost and sub-outermost n shells of AT*, If &, > m,
then ore-step ionization is due to direct removal of m electrons from the outermost shell
and f‘g’q.m is the number of ways to select m electrons from &;:

£o!

LA gm = P & =z m. (3)

If ‘g‘u < m, the one-step m-fold ionization removes & electrons of the outermost shell, and
m' = (m — &,) electrons from the sub-outermost # shell. In this case the coefficient ;‘A g
is the number of ways to select m’ electrons from &;:

e _ &
{A_q_m - m,!(Es _ m,)! EO = n. (6)
We found that for cach experimentally determined cross section crA w(€) there is an
energy range 1 < x < £} 4.q.m for which the scaled cross section (3} equa.ls approximately
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the scaled cross sections O'A mX) of all other species (in their ranges x < xf&'q‘m). This
observation may be presented by a scaling law

G g m(x) R 53(x) 1<x<xh, €

with ad(x) being the umversal (mdependent on A, g, and m) cross section. Behaviour
of the cross sections r:rA P m(x) for x > xi . shows that the validity limit xA m is the
minimal energy required for several-step multiple ionization mechanisms, such as 1nner-shell
ionization followed by autoionization, inner-shell excitation followed by autoionization,
resonant-excitation—riple-autoionization, other indirect mechanisms [31-33], or direct m-
fold ionization into excited state of A4+ followed by radiative transitions into its ground
state.

In figure 1, we present cross sections &g,q'm {(x) of species which have the largest values
of xkq'm. The figure illustrates the scaling relation (7) and demonstrates the shape of the

cross section 52(x). This shape may be fitted well by the function

Gox) = 4% (1-27%™) 1<x<x),, ®)
shown by the thick full curve. For certain species, cross sections were measured by a
few research groups, but for clarity in the figure, we present in figure 1(a) only one set
of experimental data for each cross section (usvally the most recent results, or the results
obtained in a larger energy range). To illustrate the spread in the experimental data, we
present in figure 1(b) seven experimental curves c’rg' 2m &) obtained for three cross sections.
One can see that at any energy x, the spread in the experimental data for each cross section
and the deviation of these data from the scaling law (7) are about the same.

The scaling of the cross sections demonstrated in figure ! is an argument for expecting
the same scaling for all values of A, ¢ and m. Then the general expression for eleciron-
impact multiple ionization cross section in the one-step ionization range may be presented
as

GAq m(-x) SAqm~d(x) 1 ‘~<-.x ng\,q,m‘ (9)

Taking into account (4) and (8) this expression may be written as

dra { Iy \? Inx .
) = o ()t TR (1= 269) % <3 (1O
W I

Up to now, to analyse the dependence of validity limits xf,h 9.m ON ¢ and m, data are available
for argon only. One can see in table 1 that xj;’q,m decreases with increasing ¢ at a given
m, and with increasing m at a given gq.

For electron energy in the near-threshold range Wannier [34] predicted power
dependence of the cross sections on (€ — Ia g )

Oagqm ~ (x — 1) (i)

with the exponent w equal to or slightly larger than the number of removed electrons. It
may be presented as w = m + & with § €« 1. Our formula (10} results in the exponent
w = 2 (to be rigorous here, the coefficient 0.7 in (10) has to be replaced by In2 =~ 0.6931).
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Figure 1. Universal cross section (8}—thick full curve, compared with scaled double, triple and
fourfold ionization cross sections 6"‘{' 7 (%) of various atoms and ions in the one-step ionization

range x & J:f.h qum? Notations and references are listed in table 1.
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Table 1. Notations and refersnces to figure 1. The missing value of x‘i\'q’m corresponds to
one-step multiple ionization in the entire studied range of the energy of the projectile electron or
to the relatively small (indistinguishable) contribution of several-step processes. Letters aand b
in the first column point to the figures 1{a} or 1(b} where the symbo! is used.

Symbol in Atomic Studied range
figure 1 Agt mumber m w xi\.q. »  Of energy x Reference

-0 - a He 2 2 1.7 1.1-127 Shah et al [23)
- -1 - a Li 3 2 3.5-25 Jalin et al [11]
--0-- a Lit 3 2 1.5 1.5-12.5 Peart and Dolder [21]
=} a ct 6 2 04 43 0.9-35 Zambra et al [29]
| a Nt 7 2 0.5 0.9-26 Zambra et al [29]
-%-- a O 8 2 23 0.9-8 Ziegler et al [30]
o] a ot 8 2 2 0.9-22 Zambra et al [29)
--0-- b Ne 10 2 2 1-12 Lebius et af [13]
- - b Ne 10 2 16 1.1-16 Krishnakumar and
-B- b Ne 10 3 1.5 1-8 Srivastava {12]
-$- b Ne 10 3 25 1-6 Lebius et al [13]
|- b Ne 10 3 13 1.1-16 Gaudin [9]
—- a Ne 10 4 41 1-3.3 Lebius et al [13]
® a Ne* 10 2 1.8 1-24 Zambra ef al [29]
—B— a Nat 11 2 0.13 1-12.5 Hirayama [10]
—B— a Mg 12 2 1.8 242 1-233 McCallion et al [14]
o 2 Ar 18 2 042 0.7-15 Syage [25]
- 2  Ar 18 3 18 333 1.1-79 Syage [25]
0= b Ar 18 4 1.27 1.95 1.1-46 Syage [25]
e b Ar 18 4 0.85 1.74 1.4-14 Gaudin [9)
- - - a Art 18 2 23 395 0.8-9.5 Miiller et af [17]
-X— a Art 18 3 1.5 2.08 1.1-6.5 Miiller and Frodl {16]
S¥e- 2 APY 18 2 16 244 0.95-10 Tinschert ¢ al [26]
- a A 18 3015 147 1.2-4.7 Miiller and Frodl [16]
cae- 2 APt 18 2 07 178 0.8-75 Tinschert et al [26)
- —- a Artt 18 2 283 1.73 0.96-10 Miiller et af [17]
- B - a K+ 19 2 1.5 1.1-18 Hirayama ef al [10]
- -@- - a Cu 29 2 19 4.1 1.2-70 Bolorizadeh et &l [2]

One can see in table 1 that in the case of double ionization {m = 2) twelve experimental
curves from the eighteen available ones give w in the range 2 £ 0.5, i.e. both w = 2 and
w = m + 8 fit two-thirds of the measurements within a deviation of £0.5. In the cases
of threefold and fourfold ionization (a total of nine experimental curves) five curves show
w = 2 while w ~ m is shown by only two curves (within the same deviation of £0.5). To
make a final conclusion on the behaviour of the cross sections at x &~ 1, more experimental
data of high accuracy are required.

The only analytical expression related to multiple ionization is that given by Gryzinski
[35] for direct double ionization cross sections:

~G Eo(bo — 1) ap oy
"A,?f;(l) = i I_g quﬂ (x). (12)

Here, op = 4mall}, F is the mean distance between electrons in the outer shell and g(x)
1s the function given by Gryzinski in graphical form for x < 32. Miiller [31] approximated
this function as

Inx
1.59x2 - 3.71x 4 16.2

gx) = +2.14 x 107%(x — 1) —3.67 x 107 (x — 1)°.



3032 V Fisher et al

In deriving expression (12), Gryzinski treated the direct double ionization as the consecutive
removal of two electrons from the outer n-shell. Electrons of the outer shell were assumed
to be distributed homogeneously over a sphere of radius R equal to the mean radius of the
target particle A9+, The distance 7 was expressed by

F=Reg. (13)

As long as the mean radius of the atomic particles is not a strictly defined term, we can
express R in the terms of mean distance {r} of the outer electrons from the nucleus:

R =y{r) (14}

where ¥ is a coefficient expected to be nearly independent of the species. The distance (r)
is defined as

() = fo Fly2ldr (15)

with ¥ (r) being the wavefunction of electrons in the outer shell.

For atoms, {r) is known from Radzig and Smirnov [36]. For the ions listed in table 1,
we calculated v (r) and {r) in the Hartree-Fock with relativistic corrections approximation
[37]. To estimate y we express ¥ usmg the formulae (13) and (14): 7 = y{r}§, -1/ 3, and
calculate 14 functions i (x) for 14 species using the equations

AT =oRP, (1) X <X (16)

The cross sections a:g_z(x) are taken from the references listed in table 1. The functions
y(x) are presented in figure 2. In the range x > 2 the deviation of these functions from
the average value p = 2.1 is within a factor fg = 1.8. Based on figure 2, one may expect
that direct double ionization cross sections, calculated using the formula by Gryzinski (12)
with ¥ = p(r) /&” % and y = 2.1, will be accurate within a factor of f2 = 3.2 in the energy
range x > 2. Note that our formula (10) provides an accuracy within a factor of two in this
range and is applicable for arbitrary m.

3. Second scaling law

Analysis of the experimentally determined multiple ionization cross sections [2-30] in the
energy range x > xk_q‘m shows the second scaling law for species which have twelve or
more electrons. This law is valid for projectile electron energy above the threshold value
Xp q.m» Which is the minimal energy required for most of the several-step mechanisms of
multiple jonization. By the definitions of x} , ,, and x} , ., x} ., is always larger than
xkq‘m.

To demonstrate the scaling of experimentally determined multiple ionization cross
sections [2-30] in the energy range x > x;_q_m it is convenient to introduce scaling factors
Sh.q.m by the expression

rat { Iy \?
Shqm(x} = ﬁ,;%(}-“—) Shgum (17)

Ag,m
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Figure 2. The function y{x) calculated from the best fit of the formula by Gryzinski (12) to
experimentally determined cross sections a:’_‘g.z(e) of fourteen species from table 1,

and scaled cross sections &} am (x) by the expression

£X]
TpgmX)

Ghgm@®) = S X > Xp 0 (18)
A

v

The coefficient {3 . is the total number of ways to remove m electrons by one electron
impact:

Cham =Sham+Ehom (19)

The number of ways provided by a one-step mechanism, ;‘g,q,m, is given by formulae (5)
and (6). The term gi‘ q.m 18 the number of ways provided by all several-step mechanisms.

Analysing experimentally determined cross sections {2-30], we found that the scaling of
04 g.m(%) is obtained when I;i'q'm is taken as

f
‘gA.q.m !

MR g — 1)

Cham = (20)

with e‘;,{‘q'm being-the total number of electrons in the subshells participating in the m-fold
ionization. This number is determined by the expressions (24)-(27) below.

The fact that to obtain the scaling of experimentally determined cross sections, we had to
take the number of ways ;‘iq’m equal to binomial coefficient (20), is experimental evidence
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of a weakness of correlations between electrons for most of the atoms (ions) studied. Being
interested in a single simple formula for all A, g. m, we are always using the approximation
of uncorrelated electrons though it may be rather rough for some species.

In figure 3, we present scaled experimental cross sections &} , ., (x) of species which
have 12 or more electrons (notations and references for this figure are given in table 2).
For clarity in the figures, 88 curves 53.:;.»: (x) are divided into four groups according to
atomic numbers of target atoms or ions and presented in four graphs. The cross sections
are presented in th range x 2> xkq‘m where they depend on A, g4, and m rather weakly, i.e.
demonstrate the scaling law

&Lq‘m(x) ~2 Gy (x) x> Xy 0m 21
Function o{(x) may be fitted well by the expression

I
F(x) = 1.6%(1 -2 x> (22)

which is shown in figure 3 by the thick full curve. Thresholds xf‘_qlm inferred from the
experimental data are given in table 2. The accuracy of these values is about 10%. The
inequality sign before a value means that for this atom the scaling relation (21) is correct
in the entire range of energy studied experimentally, i.e. x} g.m is smaller than the minimal
experimentally studied energy (given in the table).

The accuracy of the scaling laws (7) and (21) may be illustrated by a distribution of
deviations of experimental data from universal cross sections &!(x) and &,f(:c). Let us
introduce the deviations D* and D? by expressions

64 0. — G5
Gi(x)

~d ~
_ laA_q'm - J\?(x)l

Dhqm) = Pham®) = =503
u

(23)

The distribution of these deviations for all experimental points shown in figures 1 and 3
(total 2684 points) is presented by the histogram in figure 4. It is seen that 90% of the
points diverge from the corresponding &,(x) by less than a factor of two.

A search for the best fit of formula (21) to experimental data lead us to simple rules
for determining the number &f . in formula (20). For a more concise explanation of
these rules we introduce a few definitions and notations. Let n;, na, #3, #4, ... be the
principal quantum numbers of electron shells of target particle A9t in the ground state
(ny > nz > A3 > nq...). Usuvally the ny shell is called the outermost shell, but here we
make one exception to this definition, namely, if the n; shell contains only one or two
electrons and the n; shell contains an empty d subshell, we consider all electrons of #; and
ny shells together as one outermost shell. For example, 3s23p%4s? electrons of Ca, 5525p56s?
electrons of Ba and La*, or 5525p%6s electrons of Ba* and La?* are counted as the outermost
shells containing 10 and 9 electrons respectively. We suppose that 5525p®5d6s? electrons
of La and Gd also have to be considered as the outermost shell, because 5d electrons in
these elements actually do not open the 5d subshell: elements which follow La and Gd in
the periodic table (Ce, Pr, Nd, ... and Th, Dy, Ho, ...) have no 5d electrons.

The outermost shell is denoted here by O. The electron shell below the cutermost one is
called the sub-outermost #-shell, or S shell, The numbers of electrons in the O shell and S
shell are denoted by £, and &; respectively. Let [; be the maximal orbital quantum number
of S-shell electrons of A7 in the ground state. The /, subshell of the S shell is called the
S; subshell, with its number of electrons denoted by &y.
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Figure 3. Universal cross section (22)—thick ful! curve, compared with scaled muitiple
ionization cross sections, 6 , ,, (x) of various atoms and ions in the energy range x > xj , ..
Notations and references are listed in table 2. For clarity in the figure, experimental data are
divided in four graphs according to atomic numsbers, namely (a} Mg-Ar, (b) Ca—Kr, (c} Rb-Bi
excluding lanthanoids, and (d) lanthanoids.
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Figure 3. (Continued)

To obtain the scaling (21) a number of electrons &5 g.m in formula (20} has to be taken
according to the rules as follows:
(1) For double ionization

Eh g2 = b0+ & (24)
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Table 2. Notations and referances to figure 3. Letters a, b, ¢, d in the first column point to the
figures 3(a), 3(b), 3(c) or 3(d} where the symbol is nsed.

Symbol Atomic

in figure 3 A7t number m  xj,., Reference
=0~ a Mg 12 2 5.7 McCallion et al [14]
-n- a Mg 12 3 < 15 MeCallion et al [14)
=0- a Mg 12 4 <« 17 McCallion et al [14]
- - a Si 14 2 <« Il Freund et al [5]
—4- a P 15 2 1.0 Freund et al [5]
O a § 16 2 1.0 Freund et al [5]
- - - a s 16 3 < 43 Ziegler et al [30]
--0- - a S8 16 4 < 13 Ziegler et a! [30]
- -9- - a < 17 2 1.0 Freund et al [5]
—h a Ar 13 3 36 Nagy et al [20]
e a Ar 13 4 1.6 Gaudin et af [9]
-2 a Ar 13 4 30 MeCallion er al [15]
B a Ar 13 4 32 Syage [25]
--8-- a Ar 13 5 « 34 MeCallion et al [15]
-0 - a  Ar 18 5 21 Syage [25]
e a  Art 18 3 52 Miiller and Frodl [16]
-ke- @ APt 18 2 63 Tinschert ef al [26]
- a Art 18 3 28 Miiller and Frodl [16]
.- a At 18 2 31 Tinschert et al [26]
-7- a At 13 2 20 Miiller et al {17]
-®-- a AM 18 2 1.6 Tinschert et el [26]
--k-- &  ASt 13 2 < 14 Tinschert et af [26]
-0 b Ca 20 2 1.6 Chatterjee and Roy [3]
.- b Fe 26 2 1.0 Freund et af [5]
-0 b Fe 26 4 < 23 Shah et af [23]
—%— b Cn 29 2 24.7 Bolorizadeh et af [2]
—4- b Cu 29 3 362  Bolarizadeh et al [2]
(- b Cu 29 4 22 Bolorizadeh et al [2]
-v- b Cu 29 5 1.5 Bolorizadeh ez al [2)
e b Ga 31 2 1.0 Freund et al [5)
—h— b Ga 21 3 < 14 Freund et al [5]
- b Ge k7 2 1.0 Freund et al [5]
—B- b Ge 32 1 < 13 Freund e al [5]
-8 b As 33 2 1.0 Freund et al [5]
-0 - b As 33 3 < 12 Freund er af {5]
--B - b Se 34 2 1.0 Freund er al {5]
- -C- - b Se 34 3 <= 15 Freund et al {5]
.- b Br 35 2 < 12 Hayes et al [6]
- - b Br a5 3 1.1 Hayes et al [6)
- - - b Kr 36 2 < 12 Wetzel et al [28]
Ve b KXr 36 3 <« 12 Wetzel et al [28]
- - b Kr 36 4 < 27 Lebius et al [13]
- e - b Kr 36 5 <« 18 Lebius ef af [13]
figure 6 Kr 36 3 15 Lebius er af [13]
figure 6 Kr 36 7 156 Lebius er al [13]
figure 6 Kr 36 8 1.5 Lebius er al [13]
-0 ¢ Rbt 37 2 1.0 Hughes and Feeney [8)
-u- ¢ Rt 37 3 < 1.2 Hughes and Feeney [8]
-O- ¢ Rbt 37 4 2.1 Hughes and Feeney [8)
- ¢ Ag 47 2 2.0 Freund et al [5]
-4 ¢ Ag 47 3 16 Freund et al [5]
== ¢ In 49 2 1.0 Freund er af [5]
-V ¢ In 49 3 13 Freund et a! [5]
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Table 2, (continued)

Symbol Atomic

in figure 3 A?Y  pumber m x} ., Reference
-t ¢ Sn 50 2 1.0 Freund et af [5)
e ¢ Sn 50 3 < 15 Freund et al [5)
—_—— ¢ Sb 51 2 1.0 Freund et al [5]
—-P- ¢ Sb 5t 3 < 15 Freund et al [5}
- ¢ Te 52 2 1.0 Fréund ef af (5]
- --- ¢ Te 52 3 1.1 Freund et af [5]
--M- - ¢ 1 53 2 1.0 Hayes et al [6]
- - ¢ I 53 3 <13 Hayes ez al [6}
% . ] Xe 54 2 1.0 Wetzel et al [28)]
PR M c Xe 54 3 < 11 Wetzel et al [28)
- - - ¢ Xe 54 4 < 11 Krishnakumar and
--F-- ¢ Xe 54 5 « 11 Srivastava [12]
-ek-~ ¢ Cst 55 2 < 12 Hentling ¢ af [7]
- k- - ¢ Ba 56 2 < 15 Dettman and Karstensen [4]
--—-- ¢ Ba 56 3 < 12 Dettman and Karstensen [4]
- - ¢ Ba 56 4 < 12 Dettman and Karstensen {4]
--®- - ¢ Bat 56 2 < L1 Peart ef af [22]
0 ¢ Bat 56 2 < 1l Tinschert et af [28}
-~ d lLat 57 2 1.0 Miiller et a! [19]
-»- d La¥* 357 2 1.0 Miiller et al [19}
-O- d La¥* 57 3 < 12 Miller &2 af [19]
- d Sm 62 2 < 30 Shimon ef al [24]
~ d Sm 62 3 < 25 Shimon et al [24]
— d Eu 63 2 < 30 Shimon ef al [24]
-v- d Eu 63 3 < 24 Shiman ef al [24]
- d Tm 69 2 < 27 Shimon et al [24]
—k— d Tm 69 3 < 24 Shimon 7 al [24]
- 4 ¥Yb 10 2 < 27 Shimon et al [24})
—p— d Yb 70 3 < 23 Shimon et al [24}
| ¢ Pb 82 2 1.0 Freund e af [5]
Q ¢ Pb 82 2 < 14 Freund et al 5]
x c Bi 83 2 10 Freund et af [3]
L) ¢ Bi 83 3 < 13 Freund et af [5]
o ¢ Bi?+ 83 2 1.0 Miiller et af [18]
v ¢ Bt 8 2 1.0 Miiller et af [18)

(it) For fourfold ionization

‘!::,i'qﬁ =& + &.

{iii) For tripie ionization Eiq.m depends on the presence of 44 electrons in A7+

o= Eot&a
Agd £+ &

for species without 4d electrons

for species with 4d electrons.

(25)

(26)

Rule (iii) follows from experimental data for isoelectronic sequences of S—Kr and Ag~
Bi but we believe that atoms and ions from Y-Pd isoelectronic sequences follow the lower
line of expression (26), because a significant change in the number of &£ g,m 18 due to the
change in status of M shell. With the appearance of 4d electrons, the M shell becomes the
inner one instead of the ‘sub-outermost’ one, and according to rules (24){26) inner skells
(the shells below “sub-outermost’) do not contribute to £f _ , (for m < 4).
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Figure 4. Total distribution of deviations D9 and D' for all experimental points presented in
figures 1 and 3.

Values of E.;s.q.m calculated for the majority of atoms are presented in table 3. These
values are given in brackets after the notations of shells and subsheils participating in the
multiple ionization (1) for each value of m. No sign before the notation means that the
value f;‘i‘q,m, calculated according to the rules (24)~(27), provides acceptable scaling of
experimental data (figure 3). The plus sign before the notation marks our prediction based
on the rules (24)-(27). Experimental data for these atoms are not available as yet, The
minus sign marks the shell which provide the best fit to experimental data but contradict
our rules. Notation O) is used for the n; shell, when it is necessary to distinguish the n;
shell among two n shells coupled in the O shell. Notation S, is vsed for two n! subshells
of the S shell, namely, for I; and (I; — 1) subshells,

In addition to the data related to all atoms from Na to Rn, table 3 contains the data related
to ions studied experimentally: Art-Ar%*, Rb*, Cs*, Ba*, Ba?*, Lat, La?t, Bi** and Bi**,
One can see that in most examples multiple ionizations of ions are due to transitions in the
same subshells as for the atoms of their isoelectronic sequences, i.e. the value SL .m depends
on the electron configuration, but does not depend on the jon charge, Double ionization
of Ar’t and Ar®t and triple ionization of La?* show contributions of more subshells than
multiple ionization of an atom from the corresponding isoelectronic sequences, while no
example is found where multiple ionization of ions was caused by fewer subshells than those
of atoms of the corresponding iscelectronic sequence. This observation may be formulated
as the fourth rule: for each value of m the subshells participating in multiple ionization do
not change with the increase of ¢ along the isoelectronic sequence, until at some value of
¢ the next subshell starts to participate in m-fold ionization. At present there is not enough
data to infer these values for various sequences,

Fivefold ionization was studied only for atoms (namely, the atoms of Ar, Fe, Cu, Kr
and Xe). For atoms with no 4d electrons the best accuracy of formula (21) is obtained
when .';-'iq.m is taken equal to the total number of electrons in S and O shells (i.e., equal
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Table 3. Electron shells and subshells participating in several-step multiple ionization (columns
6-9) and the numbers & . Complete n shells with n = 1, 2, 3, 4, are denoted by their
spectroscopic symbole K, L, M, N. In columns 6-9 the outermost and sub-outermost of the n
shells are mentioned by letters O and S. The subscript 1 after the name of the n shell denotes one
nl subshell of this a shell, namely the non-empty nl subshell with the largest orbital quantum
number. The total number of electrons in the subshells participating in several-step ionization
&}" am is given in parentheses. Presented results are based on the analysis of experimental data
referred in table 2.

Atomic AT Electron configuration Electron shells and subshells participating in

nmnber several-step multiple ionization for various values of

Inner S shell Q shell m=2 m=3 m=4 m=>5
shells

1 Na K L 3s 510N +50(T) +80(9) +5009)

12 Mg K L 32 $10(8) —KS0(12) —KSO{12) + SO(10)

13 Al K L 3s%3p +510%) +8;0(9) +S50(11) +SO(1D)

14 Si K L 3s23p? S10(10) +S8:10(10) +50(12) -+ SO{12)

15 P K L 3gt3p® 5;0(11) +5;0(11) +50(13) +S0(13)

16 5 K L 3s23p* $10012)  5;0(12) ~KSO(16) + SO(14)

17 cl K L 3523p° 510(13) +5:0(13) +50(15) +50(15)

18 At K L 35235 18,0014 5,0014) S0(16)  S0(I6)

18 At K L 323 +8,0(13)  S;0(13) +8S0(15) +S0O(15)

18 At K L 3s23p* S\10(12)  §$;0(12) +50(14) 4 S0(14)

18 AP K L 3s23p° S;10011) +S;0011) +S0(13) +80(13)

18 Attt K L 3s23p? S10(10) +S:0(10) +50(12) +80(12)

18 At K L 3523 —S0(11) +50(9 +350(11) +SO1)

18 AS+ K L 3¢? —KSO(12) 4 5;0(18) + SO(10) + SO(10)

19 K K L 3823p%ds 4+ $0(15) +510(15) +80(17)  + 80017

20 Ca K L 3s23p84s?  5,0(16)  5;0(16) +SO(18) + SO(18)

21 Sc KL 3523pf3d! 44l +5,0(3) +503) +80(11) +S0(11)

22 Ti KL 3s23pfad?  4s? +S10@) +S510(4) +50(12) +80(12)

23 v KL 3s23pbad®  4s? +S10(5) +5/0(5) +S0(13) +S0(13)

24 Cr KL 3s%3péadd 452 +5,06) +5,0(6) +50(14) +50(14)

25 Mn KL  3s?3pf3d® 452 +80(7) +5.0(N +5S0(15) +50(15)

26 Fe KL 3s%apfadd 45 5,0(8) +85,0(8) SO(16)  SO(16)

27 Co KL  3s%3pfad” 452 +8103 +50% +S0(17) +S0(17

28 Ni KL  3s%3pbadd 452 + 85,0010y + S;0(20) + SO(18) + SO(18)

29 Cu KL M 4s S10(11)  §,0011) 80019} SO(19)

30 Zn KL M 45? +8)0(12) +5,0(12) +50(20) -+ 50(20)

31 Ga KL M 4524p 510(13)  §,0(13) +50(21) 48021

32 Ge KL M 4524p? S10(14)  S,0(14) +50(22) +S0{22)

33 As KL M 4524p? S10(15)  S;10(15) +50(23) -+ SO(23)

34 Se KL M 4s?4p* 5,0(16) S;0(16) +SO(24) + SO(24)

35 Br KL M 4524p’ S,017)  S;0(17) +50(25) + SO(25)

36 KK K. M 4s?4p5 810018y  S;0(18) SO(26)  SO(26)

37 Rb KL M As24pfss  + §,0019) +5,0(19) +50(27) + 50027

37 Rb* KL M 4524pb S10(18)  S,0(18)  SO(26) +S0(26)

33 Sr KL M 4s74pS5s? 1+ 800200 +5,0020) +50(28) +50(28)

39 Y KLM  4s%4pfdd 52 +810(3) +8S0(11) +80(11) +MSOQRL)

40 Zr KLM  4s24pS4d® 562 +5,04) +S0{12) +S0(12) +M;50(22)

41 Np  KLM  d4s24pfad® 542 +8,0(5) +8C(13) +50(13) +M,;S0(23)

42 Mo  KLM  4s?apbad* 552 +5,0(6) +S0O(14) 4 50(14) + M,;S0(24)

43 Te KLM  4s24pfads 562 +810(7) +S0O(15) +S0(15) 4+ M;SO(25)

44 Ru  KLM 4s%4pf4d’ 5 +8108) +S0(16) +50(16) + MSO(26)

45 Rh  KLM 4g24pfad® 5 +8109) +S0(17 +S50(17  +M,$0(27

46 Pd KL M 4s24p%4d 1+ 5,0(28) +50(36) +50(36) +L,50(42)

47 Ag  KLM  45%4p54410 55 81011y SO(19) +S0(19)  + M;S0(29)

48 Cd  KLM  4524pS44i0  5¢2 +810(12) +850(20) +S0(20)  + M;50(30)
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Table 3. (continued)

Atomic AT+ Electron configuration Electron shells and subshells participating in
number several-step multiple ionization for various values of m
[nner S shell O shell m=2 m=3 m=4 m=235
shells
49 In  KLM  4s24pS4d10 5525p $,0(13) SO +S0(2D) -+ M1S0(31)
50 Sn KM  4s24pf4gtl 5525p? $10(14) S0(22)  +S0(22) +M;50(32)
51 b KLM  4s24pf4gi? 55%5p7 5,015 SO(23)  +S0(23) +M;50(3%)
52 Te KLM  4s24p54dic 5525p* 810(16) SO(24) 4+ 50(24) + M;50(34)
53 I KLM  4s24pf4410 5525p° 510017 $O(25) 450025 + M;50(35)
54 Xe KLM  4524p%4d'° 5525p8 510(18) S0(26) 50(26)  M;80(36)
55 Cs  KLM  4s24p54d10 5s25pf6s 4+ 510019  +S0(27 45027 +M;S0(37)
55 Cst  KLM  45%4pS4dll 5525pt 5,0(18) SO(26) SO(26) -+ M;50(36)
56 Ba KLM  4sP4p%4dl? 5525pes? $;0(20) S0(28) 50(28) -+ M;50(38)
56 Bat KLM  4g24p54d!0 5525pS6s 5:0(19)  +SOR7  +50027 +MS0(3T
56 Ba?t KLM  ds?4pS4dl® 5525p¢ $10(18) +SO(26)  +50(28) + M;50(36)
57 La KLM  4s%4p®4d'® 5s25p85d16s2+ S510(21) 4+ 50(25) 45029 +M;50(39)

57 Lat KLM  4s%4pbad'® 5¢25p%6s? 5;0(20) +S0(28)  +30(28) - M;50(38)
57 LaZt KLM  45%4pS4d1® 5¢25p%6s §,0(19) —MSOW45) +8027 +MS0(37)

58 Ce KLM  4s%4pf4d'0482  5¢25p56s7  4-§;0(12) +SO(30)  +S0(30) + M;50(40)
50 Pr KLM  4s%4pf4d'®4®  3525p86s®  +8;0(13) +S0(31)  +SO0(31) -+ M,SO(41)
60 Nd KLM  4s24p%4d04rt  5¢25p%6s  +8;,0(14)  +80(32)  +80(32) +M,30(42)
61 Pm KLM  4g24p5aai®as®  sstspdest 45,0015  +50(33)  +350(33) +M,50(43)
62 Sm KLM  4¢24pf4di041f  5425pS6s° S10(16) —S5;0(26) +850(34) + M;S0(44)
63 Eu KLM  4s%4pf4d'%4F  5s%5pSes? 510{17) —8$,0027) +850(35 +M;S0(45)

64 Gd  KLM  4524p4dl%4f7  5¢25p55dl6s?+ $,0(18) 4 8S0(36)  +30(36) -+ M;S0(46)
65 To KLM  4524pS4d04f%  5525pf6s2  +$10(19)  +350(37  +SO0(3D +M;50{47)
66 Dy KM  484p54a%45¢ 5¢25p%6s%  +5,0(20) +30(3%)  +30(3%) +M;S0(48)
67 Ho KLM  4s24pS4d04f1! 3525pf6s2  +§,021) +850(339  +S0(39) + M;S04%)
63 Br KLM  4s24p54d'04£12  5525p6s2 4 §10(22) +S0(0)  +SOM0)  + M;50(50)
69 Tm KLM  4s24pf4d'04613 5¢24pfas2  —5,01(15) -§,0(23) +SO(1) +M;S0(51)

70 Y» KM N 5a25p86s2  —8;01(16) —85;0(24)  +SO(42) +M;iS0(52)
7 1u  KLMN 5s25p854 Bs? +50(3) +SO0D  +80(11) +N);50(25)
e Hf KLMN 5s*5p%sd? 652 +510(4) +S0(12)  +80(12) + N;50(26)
73 Ta KLMN 5s25p854° 65° +500) +80(13)  +S0(13) + N;S0(2T)
74 W KLMN 3s2sp®sd? 65 +50(6)  +S0(14)  +50(14) +N;S0(28)
75 Re  KLMN 5s25p55d° 652 +50(7 +SO(15)  +50(15 +N;50(29)
76 0s KLMN 5s25pf5d¢ 6% +50(8) +850(16) +80(16 + N;S0(30)
77 Ir KLMN §s25p55d7 65 +85108) +50017 485007 +NiSo@D
78 Pt  KLMN 5s%5pfsd® 65 +5,0(10) +50(18)  +850(18) -+ N;S0(32)
79 Au  KLMN §s?5pfsdl0 s +8;10(1D)  +50(19)  +80(19) 4 N;SO(33)
80 Hg KLMN 35s%5pf5di0 6s? +8510(12)  +50(20)  +80{20 + N{SO(34)
81 Tl KLMN 5¢25pf5410 6526p +5,0(13) +8021) +80¢1) +N,50(35)
82 Pb  KLMN 5s25p9540 6s26p? 510(14) S0(22)  +80(22) +N,;5S0(36)
83 Bi KEMN 5s25p554'0 6526p? 510(15) SO(23)  +S0(23) +N,SOBN
83 Bi** KLMN 5s25pf54!0 6s26p S;0(13)  +850(21)  +S0(21) + N;S0(35)
83 Bi** KLMN 35525p%54!0 65t $10(12)  +SO0(20)  +S0(20) + N;SO(34)
84 Po KLMN S5s25pSs54l0 6s%6p* +5/0016) +8024  +S0(24) +N;SO(38)
85 At KLMN 5s25p85410 65%6p° +5/0(17  +80(25)  +S0(25) + N1SO(39)

86 Rn KLMN 5s%5pf5d10 6s26p° +510(18) +80(26)  +S0(26) + N;S0(40)

values of &, , ,, for m =4 and m = 5). To explain fivefold ionization of xenon one has to
assume that the Iast subshell of the inner shell (namely, the 3d subshell) also participates
in several-step processes. We believe that the I; subshell of the last inner shell participates
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in several-step fivefold ionization of all species with 4d electrons:

o+ & for species without 4d electrons

= 27
fhas [ Eo+ &+ &n for species with 4d electrons, @n

Here, I denotes the n shell with n = n, — 1; number £;; is the number of electrons in the
iast non-empty subshell of this shell and ng is the principal quantum number of the S shell.

Also a sixth rule may be established: for any atom or ion the increase of m is never
followed by a decrease of ‘ﬂ‘q_m; on the contrary, for larger values of m more subshells
contribute to .Ei’q.m. Six-, seven- and eightfold ionization was studied only for atomic
krypton [13], and this study gives a good example of the sixth rule: the shells contributing
to m-~fold ionization for increasing values of m are; ;0 form =2 and 3, SO form =4
and 5, 1;S0 for m = 6, ISO for m =7 and 8.

The scaling (21) demonstrated in figure 3 is an argument to expect scaling for all
species which have more than ten electrons (i.e. having electrons above complete K and L
shells). Then the electron-impact multiple ionization cross sections of these species may be
presented as

Oaqm(x) = Sk,q’mb",f(x) X > xkiq‘m. (28)

Using formulae (17) and (22), expression (28) may be presented in the more explicit form:

I 2 Inx
Oagm(x) = 1.6 “‘_’ ) g (1-207%) x>, (29)
171\ Taym

4. Cross sections for the entire range x > 1

For applications, it is desirable to have a method to determine multiple ionization cross
sections for arbitrary energy of the projectile electron. Here we propose a method based on
the regularities in threshold values x"‘g’q’m and x} , - It can be seen in tables 1 and 2 that
species A?* with no M shell usually have high thresholds xi'q‘m (all species studied except
for C* have values xf\_ ¢,m larger than maximal energy in the range of measurements) while
species with M shells usually have xj, , , not far from unity.

Therefore, for an arbitrary energy of a projectile electron, the cross section can be
estimated as follows. If species A" has no M shell, x;\ m can be assumed infinite, and
expression (10) can be used for any value of x. If species A‘?“' has an M sheil, xA m can
be assumed to be unity and expression (29) can be vsed for any value of x. 'I'he results
obtained for atomic copper and krypton using this method are shown in figures 5 and 6.
The cross sections (29) are presented by full curves (thick for x > xi‘q‘m and thin for
X < xf\‘q’m). Qualitatively, the expression (29) fits well both sequences of the experimental
cross sections in the six orders of magnitude range of values (from 10~2 to 10~ cm?).
Quantitatively, the deviations of full curves from the experimental data are within a factor
of four for m = 2, 3, 4, 5. For m > 5 the deviations are larger at x =~ 1, but it may be due
to inaccuracy of equality (2).

Dotted curves present one-step cross sections (10). It is seen that when xf,,l’q'm is large (as
for double ionization of copper) formula (10) in its validity range is much more accurate
than the extrapolation of formula (29) into this range. Therefore, if for any species the
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Figure 5. Multiple ionization cross sections of copper atoms (m = 2, 3, 4, 5). Expetiment:
open circles, Freund et af [5], all other symbols, Bolortzadeh ef al [2]. Our calculations using
formula { IO) for one-step rultiple ionization are presented by thick donted curves in the validity
range x < x‘w and continued as thin doited curves into the range x > xA' . Total multiple
ionization cross sections (29) are shown by full curves (thick in the validity range of (29) and
continued as thin when calculated for x < x}_ am) Lizear interpolation between xA‘qlm and

X} g.m is shown by a broken segment.

values xA q.m and X} q.m are known (from analysis of atomic structure or from analysis of
the values known for other atoms and ions) one may use for this spemes cxpressmns {10
and (29) in their ranges of validity, while in the intermediate range x, , = < x < xA‘q'm the
cross sections may be calculated by linear interpolation between o7 = UA,Q.M(xiA.q.m) and

oy = O'A.q‘m(xqu'm):

Aqm

OAqmx) =01+ (02 — 01) xf\‘q_m <X <Xpgm (30)

Agum xA.q.m

An example of this linear interpolation is shown in figure 5 by broken curves. For m =2,
3, 4, the values xkq.m and xf\‘q’m are inferred from experimental data. It is seen that when
these values are known it is more accurate to calculate the cross sections by the interpolation
(30) than to use expression (28) in the entire range x 2 I. For m = 5, values xf,hq'm and
X} g.m cannot be obtained from available data, and an interpolation segment is drawn rather
arbitrarily,

5, Electron-impact multiple fonization of negative ions

Scaling law (7) was inferred from experimental data for atoms and positive atomic ions.
Figure 7 demonstrates that the electron-impact cross section for double ionization of
negative in H™ is also in reasonable agreement with this scaling law. On the basis of
similarity of negative ions and atoms from the view point of multiple ionization, we expect
that expressions (10) and (29} will be reasonably accurate in the prediction of electron-
impact multiple ionization cross sections for all negative atomic ions. Expression (10) is
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Figure 6. Multiple jonization cross sections of krypton atoms (m = 2, 3, ..., 8). Experiment:
open squares, Lebius er af [13]; full symbols, Krishnakumar and Srivastava [12]. Our
caleulations using formulae (10) for one-step multiple ionization cross sections and (29) for
total multiple ionization cross sections are presented by dotted and full curves respectively, In
the ranges x > xi.q.m full curves are made wider. For m > 3 the one-step ionization cross

sections (10} are not shown because the validity thresholds xkq'm are close {0 unity.

recommended for ions H-, He™, Li~, B—, C7, O~ and F~. Jons Be~, N~, Ne™, Mg~ do
not exist [36]. For ions Na~, Al™ and heavier ones we recommend expression (29). In
both the expressions the attached electron has to be treated as one of the electrons of the
outermost z shell,

6. Conclusions

Experimentally determined electron-impact multiple ionization cross sections [2-30, 38]
satisfy a scaling relation (7) in the energy range 1 < x < x}w'm and a scaling relation
(21} in the energy range x > xf‘,q‘m. For the majority of species the accuracy of these
relations is within a factor of two.

Based on these scaling relations we propose the formula (10} for calculating the cross
section in the range 1 < x < xk,q'm and the formula (29) for calculating the cross sections
in the range x > x} ..

To estimate the multiple ionization cross sections for an arbitrary energy of projectile
electron (x > [) one may use formula (10) for species with ten or less electrons (i.e. with
one or two electron shells), and formula (29) for species with eleven or more electrons (i.e.
with three or more electron shells).
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Figure 7. Universal cross section (8), full curve compared with scaled experimental cross sectton
for double ionization of negative ion H™ by electron impact. Experimental data from the paper
by Yu et a! [38].
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