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Abstract
We describe a model for self-consistent computations of ionic level populations and the radiation field in transient non-equilibrium plasmas.
In this model, the plasma density effects are described using the effective-statistical-weights (ESW) formalism based on the statistics of the
microscopic environment of individual ions. In comparison to earlier work, the ESW formalism is expanded to a self-consistent treatment of
the radiative transfer. For non-Maxwellian plasmas, the atomic-kinetics and radiative transfer computations may be performed for an arbitrary
distribution of the free electrons. A plasma is presented by a finite number of cells, each with uniform thermodynamic parameters. The radiation
field in each cell is computed by accounting for the radiation of entire plasma and of external sources. To demonstrate the predictions of the ESW
approach and their difference from those of the traditional approach we apply the model to high-density plasmas. Based on hydrodynamic simulations of a laser-matter interaction, we use the model to analyze spectral line shapes, where the effects caused by the spatial dependence of the
plasma flow velocity are demonstrated. In single-cell simulations, for acceleration of the computations, the model utilizes recently derived formula for the cell volumeeaverage and directioneaverage specific intensity of radiation.
Ó 2007 Elsevier B.V. All rights reserved.
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1. Introduction

2. Rate equations and the radiation field

Determination of the radiation field and ionic level populations in plasmas is important for understanding the plasma dynamics and for interpretation of spectroscopic data. In the
present paper, we describe a model for self-consistent computations of these quantities. The model is applicable to transient
non-equilibrium non-Maxwellian plasmas. For a chemical
mixture the description is detailed only for a single chemical
element, while ions of the other elements are treated as background ions that have no quantum states. The background ions
are characterized by the number density nb(r, t) and a mean
ion charge Zb(r, t). They affect the Debye radius, the plasma
coupling parameters, and the freeefree radiation. The electron
density ne(r, t) is determined by the plasma neutrality
condition.

In general, the plasma of interest is treated in terms of a 3D
sequence of cells, each having uniform ion density ni( j, t) and
temperature Ti( j, t), where j is the cell number. For each cell
the distribution of ions (atoms) over the energy levels is given
by the non-LTE rate equations [1,2]
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where Nq is the number of ions in the q-th energy level and
Rq,q0 is the rate of direct (single step) transition from P
the level
q to the level q0 due to all atomic-kinetics processes. q Nq is
the total number of ions in the cell, not including the background ions. Accounted for in the Rq,q0 matrix are: spontaneous radiative decay, autoionization, photoionization, electron
impact ionization (including a removal of few electrons in
one collision [3]), electron impact excitation, photoexcitation,

V.I. Fisher et al. / High Energy Density Physics 3 (2007) 283e286

284

and the reverse processes. For ions a Maxwellian distribution
is assumed. Transitions caused by thermal ioneion collisions
usually have small effect on the level populations [1,4,5]
and are not included yet.
The local radiation field and, thus, the local distribution of
photons fn(r, t, hn) is computed self-consistently with the plasma
composition and external radiation. The distribution of free
electrons, fe( j, t, 3e), is not self-consistent at present; however,
for analysis of non-Maxwellian plasmas the electron impact
transition rates may be computed for arbitrary fe( j, t, 3e), where
3e is the energy of free electron.
For each particular problem, the computations require Grotrian diagrams, oscillator strengths, autoionization probabilities, electron impact ionization cross-sections, electron
impact excitation cross-sections, and photoionization crosssections. The cross-section of any reverse process is determined by the principle of detailed balance [6]. Atomic-data,
required for present work, are computed [7] using modern versions of the ATOM and MZ codes [8,9] and selected from Internet-accessible data bases [10].
The rates of the photoinduced processes depend on the local directioneaveraged specific intensity of radiation. Since
the entire cell is characterized by a single set of rates, the rates
depend on the specific intensity space-averaged and directioneaveraged over the cell, i.e. on:
1
I n ðj; tÞ ¼
4pVj ðtÞ

Z

Z
dr

ð Vj Þ

computations time-consuming. However, for one important
case, the integration can be avoided, as discussed in the next
Section.
3. Radiation in a solitary cell
If a plasma is approximated by a single spherical or cylindrical cell and if the external radiation is negligible in comparison to the plasma radiation, the computations of I n can be
accelerated by orders of magnitude due to the tables available
in Ref. [12], where it is shown that the fivefold integral (1), in
the case of a solitary spherical cell, can be transformed to the
simple expression:
I n;s ¼

ð1Þ

ð4pÞ


en 
1  etR Kc ðH=D; tR Þ;
0
kn

ð4Þ

where the subscripts c denote a cylinder, see Ref. [12] for
details.

Here, Vj(t) is the cell volume and In(r, U, t) is the solution of
the radiative-transfer equation [1,4]
vIn ð[; tÞ
¼ en ð[; tÞ  k0n ð[; tÞIn ð[; tÞ
v[

ð3Þ

with the tabulated function Ks(tR). Here, the subscript s denotes a sphere, tR h k0 nR, and R is the sphere radius. Notice
that ðen =k0n Þð1  etR Þ is the radiation intensity in the sphere
center, In(0, U). The function Ks(tR) increases from 0.75 to
1 for tR in the range [103, 104].
For a solitary cylindrical cell of a diameter D and a height
H, the expression (1) can be transformed [12] to the
expression:
I n;c ¼

dUIn ðr; U; tÞ:


en 
1  etR Ks ðtR Þ;
k0n

ð2Þ

for a certain point r and direction U, [ is the coordinate along
the line traversing the point r at the direction U, en is the emissivity, and k0 n is the opacity (corrected for the stimulated emission). Evidently, each of the lines may traverse many cells.
External radiation sources are included in the boundary
condition.
A correct description of the photoinduced transitions requires a computation of I n ðj; tÞ, which includes low energy
photons emitted due to transitions between close levels as
well as higher energy photons emitted due to recombination
to the ground levels or to deep vacancies. For this broad spectral range, we use non-uniform photon-energy grid, which resolves the shape of each spectral line. The typical number of
the grid points (spectral groups) is 104e105.
In the computations of spectral line shapes the Doppler
broadening, due to ion thermal motion and plasma turbulence,
Stark-broadening, opacity broadening, and Doppler shifts are
included. For the Stark-broadening computations we follow
Baranger [2] or use the line shapes calculated based on Ref. [11].
Note that the fivefold integration (1), which has to be performed for each spectral group and time step, makes the

4. The plasma density effects
In the previous Section, we considered a plasma of relatively
low density, therefore, for simplicity, the density effects were the
traditional approach is described, for example, in Ref. [2]. In this
approach, it is assumed that all ions of a given ionization stage
are immersed in an identical local environment and, consequently, have an identical level scheme. Also assumed is that
only two types of electron states are possible, namely, the unperturbed single-ion bound states and the free electron states. The
traditional approach is widely used due to its simplicity; however, this simplicity causes some serious shortcomings, see the
discussion in Refs. [13,14].
To correct for these shortcomings, the ESW approach has
been developed, see Refs. [15,16] and references therein.
This approach utilizes statistical data on the microscopic
environment of individual ions and describes three types of
electron states: bound, collectivized, and free. The collectivization of a bound electron is governed by the local arrangement of the perturbing ions and electrons around the parent
ion, thus any state is collectivized only in a fraction of the
ions, so that the collectivization is described statistically. In
the present model, the ESW formalism is expanded for the
self-consistent treatment of the radiative transfer.
To compare the traditional and ESW approaches we consider
a thin disc (H ¼ 5 mm, D ¼ 100 mm) of aluminum plasma, see
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Fig. 1, with an ion density ni ¼ 6  1021 cm3 and a temperature
Te ¼ Ti that is 1 keV in central part of the disc (r < 25 mm) and
500 eV in the outer part (25 mm < r < 50 mm). The radiation
emitted along a diameter is simulated for a plasma in a collisional-radiative steady-state. A striking result is that the continuum edges are smoothed in the ESW approach, while the
traditional approach predicts sharp edges. The smoothing is
caused by the statistics of the local environment of the recombining ions. Another important difference is that the lines from
levels with n > 4 are well resolved in the traditional approach,
but are missing here as the effective-statistical-weights of these
levels are much smaller than their nominal statistical weights.
Lines from n ¼ 4, Lyg and Heg, are well resolved in the both
approaches; however, there is a substantial difference in the
peak intensities, widths, and shapes predicted by the two approaches. For the resonance lines from low-lying levels
(n ¼ 3 and 2) at the density considered here, 0.10 of solid, the
differences between the two approaches are rather small.
The differences in the radiation spectra computed in the
two approaches are caused by the differences in local opacities
and emissivities, which, in turn, are caused by the differences
in the ionic level populations. For example, for the He-like and
H-like ionization stages in the central part of the disc, the
ESW approach yielded 0.6 and 14% of the total ion number,
respectively, while the traditional approach gave 1.6 and
24% for these ionization stages.
Present comparison of the approaches is done for a steadystate plasma. In transient plasmas the ionization and recombination via collectivized states result in even stronger effect on
the level populations [15] and thus on the line ratios.
5. Plasma flow effect on the spectral line shapes
Now we consider the interaction of a laser beam with a 20mm thick Al foil in vacuum. The laser (lL ¼ 1.06 mm) pulse
variation with time is given by qL ðtÞ ¼ b
qL sin2 ðptns =2ns Þ
with a FWHM ¼ 1 ns and a peak intensity b
qL ¼
100 TW=cm2 within the focal spot of a radius rL ¼ 0.5 mm.
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The laser beam direction is normal to the foil. Hydrodynamic
simulations are performed [17] with MULTI-FS, a two-temperature Lagrangian 1D code with electron heat conduction
and multi-group radiation transport [18,19].
The plasma density ni( j, t), flow velocity u( j, t), and temperatures, determined in the hydrodynamic simulation, are
used as an input for self-consistent computations of the ionic
level populations and local radiation intensity I n ðj; tÞ in 150
cells. In the radiative-transfer computations we assume that
the plasma jet is of the radius rL and the hydrodynamic parameters are independent of the radial coordinate. The 1D approach to the problem is justified by the observation that
during the plasma radiation burst, the thickness Dz of the
main radiation source and its distance from the initial location
of the foil are much smaller than rL [20]. In the simulations,
computed is the plasma radiation emitted towards a monochromator that views the focal spot center at 10 relative to the
plasma jet symmetry axis.
In each of the plasma cells, the spectral shapes pul( j, n) of
the boundebound emissivity and opacity are governed by the
thermal motion of individual emitting ions (thermal Doppler
effect) and Stark effect consistent with the temperatures and
density in the cell. A spectral line u / l, radiated by the entire
plasma, is broader than pul( j, n) due to the optical thickness in
the observation direction and the spatial dependence of the
plasma flow velocity, uU( j, t), in this direction. The spatial dependence uU( j, t) causes a sequence of Doppler shifts of the
spectral line center, thus affecting both the widths and symmetry of the spectral lines along a given line of sight. An example
of the asymmetry is shown in Fig. 2 for Lya. For clarity the
satellites to the Lya were excluded in this simulation by excluding the autoionizing states from the list of acting levels.
The importance of the radiative-transfer along the jet for
proper simulation of Lya shape in laser-produced plasmas
was emphasized in Ref. [21]. However, since that study was
focused on the relative intensity of the Lya components, the
plasma flow effect was minimized by observing the plasma
normally to its symmetry axis.
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Fig. 1. The radiation along the diameter of a cylindrical disc of a dense aluminum plasma. Dashed: the traditional approach; solid: the ESW approach.

Fig. 2. The evolution of the Lya shape. The numbers near the curves give the
times in nanosecond. The two vertical dotted lines mark the centers of the Lya
components in a motionless plasma.
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6. Summary
We have presented a brief description of our atomic-kinetics and radiative-transfer model. The main features of this
model are (a) the self-consistency of the local level populations and the local radiation field, (b) the plasma density effects treatment that is based on the statistics of the
microscopic environment of individual ions, and (c) the applicability to non-Maxwellian plasmas. For solitary plasma cells
we indicated the existence of expressions (3) and (4) that can
be used for rapid rigorous computations of photoinduced transition rates.
We have presented, for the first time, dense plasma radiation spectra computed using the effective-statistical-weights
approach with an account of the radiative transfer. Large differences between the more realistic radiation spectrum, predicted by the ESW approach, and that predicted by the
traditional approach are shown. Finally, we demonstrated the
combined effects of the plasma flow velocity gradient and
radiative transfer on the spectral line broadening and shape
asymmetry in a laser-produced plasma.
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