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A B S T R A C T

A plasma density distribution that arises due to a finite observation volume or is inherent due to turbulence,
needs to be accounted for when using spectral lines for plasma diagnostics. Such a distribution distorts line
shapes in a non-trivial way and alters their intensities. In the present study, these effects are analyzed. The
results are presented analytically and also tabulated for two types of the density distribution, Gaussian and
log-normal, over a wide range of the distribution variance. The results are applicable to practically any type
of spectral lines used for plasma density diagnostics. Provided also are considerations for choosing spectral
lines to minimize uncertainties if a density distribution is expected but its extent is unknown. In addition, an
approach for inferring the density distribution based on the line-shape asymmetry is suggested.
1. Introduction

Line-shape analysis is a powerful tool for plasma diagnostics [1,2].
Due to various reasons – both instrumental (finite spatial and temporal
resolutions) and inherent to the physics of the plasma itself (e.g., fluc-
tuations due to a developed turbulent motion [3,4]) – the line-shape
measurements unavoidably integrate over a certain distribution of the
plasma parameters. Whether such fluctuations of plasma parameters
are diagnosed [4,5], assumed based on indirect considerations [3], or
a priori unknown, they must be taken into consideration when line
shapes are used for diagnosing plasmas.

In the absence of magnetic fields [6], the temperature 𝑇 (or the
electron 𝑇𝑒 and ion 𝑇𝑖 temperatures separately, if not equilibrated [7])
and electron density 𝑛𝑒 are the main plasma parameters affecting line
shapes through the Doppler and Stark effects. These parameters also
influence the line intensities. In a previous study [8], the combined
effect of the temperature fluctuations on the Doppler-broadened line
shapes was investigated. When the Doppler effect contributes a minor
fraction of the line broadening, it is the Stark effect due to the electric
fields of the charged plasma particles that is mainly responsible for the
line-shape formation [9]. For such lines, therefore, the most influential
parameter is the electron density, while the temperature dependence of
the Stark effect is usually weaker.

The focus of the present study is on spectral lines that have an
insignificant Doppler broadening, with the major line-shape-formation
factor being the plasma density through the Stark effect. Therefore,
only the dependence on 𝑛𝑒 will be explicitly maintained in the following
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considerations; a few remarks on accounting for the temperature depen-
dence within the framework here developed are made in the concluding
section.

A previous analysis of the effect of turbulent density fluctuations
on the shapes of hydrogen Balmer lines under typical tokamak edge
conditions showed a significant increase of the line widths [10]. Here,
the analysis is generalized to spectral lines of practically any type. In
particular, the Stark shift is taken into account, resulting in noticeable
line-shape asymmetries due to the density fluctuations.

2. Line shape

The line shape emitted from a finite plasma volume 𝛿𝑉 and inte-
grated over a finite time 𝛿𝑡 is

𝐼(𝜔) = ∫

∞

0
𝐼(𝑛𝑒;𝜔)𝑃 (𝑛𝑒) 𝑑𝑛𝑒, (1)

where 𝐼(𝑛𝑒;𝜔) is the line shape formed by a homogeneous plasma with
the electron density 𝑛𝑒, and 𝑃 (𝑛𝑒) is the probability to find 𝑛𝑒 inside
𝛿𝑉 during 𝛿𝑡, ∫ ∞

0 𝑃 (𝑛𝑒) 𝑑𝑛𝑒 = 1. 𝐼(𝑛𝑒;𝜔) will be further factorized into
the spectrally integrated intensity 𝐽 (𝑛𝑒) and the normalized line shape
𝐿(𝑛𝑒;𝜔), ∫

∞
0 𝐿(𝑛𝑒;𝜔) 𝑑𝜔 = 1. Thus,

𝐼(𝜔) = ∫

∞

0
𝐽 (𝑛𝑒) 𝐿(𝑛𝑒;𝜔) 𝑃 (𝑛𝑒) 𝑑𝑛𝑒. (2)

This general expression does not allow for practical use, however. In
order to proceed, some simplifying assumptions have to be made.
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First, the density distribution is assumed to be either Gaussian (G)
or log-normal (LN) with a typical value of 𝑛0 and a measure of variance
𝜎𝑛𝑒 . Introducing dimensionless quantities 𝜉 ≡ 𝑛𝑒∕𝑛0 and 𝜎 ≡ 𝜎𝑛𝑒∕𝑛0, one
gets

𝑃𝐺(𝜉) =
𝐶𝐺(𝜎)

𝜎
√

2𝜋
exp

[

−
(𝜉 − 1)2

2𝜎2

]

(3a)

or

LN(𝜉) =
1

𝜉𝜎
√

2𝜋
exp

[

−
(ln 𝜉)2

2𝜎2

]

, (3b)

espectively. The normalization correction (since 𝑛𝑒 ≥ 0) is

𝐺(𝑥) =

[

1 − 1
2
erfc 1

√

2𝑥

]−1

. (4)

Evidently, for 𝜎 → 0, both distributions approach the delta function
𝛿(𝜉 − 1). The log-normal density probability distribution function natu-
rally appears in the theoretical description of ideal isothermal turbulent
gas (e.g., [11,12] and references therein) and, except for the far wings
of the distribution, remains qualitatively correct in the refined models
of turbulence, including supersonic one [13]. On the other hand, the
normal (Gaussian) distribution is often a practical choice to describe a
density distribution emerging due to integration over a finite space or
time.

Secondly, the line shape is represented by a Lorentzian,

(𝑛𝑒;𝜔) =
1
𝜋

𝑤(𝑛𝑒)
[𝜔 − 𝜔0 − 𝑑(𝑛𝑒)]2 +𝑤(𝑛𝑒)2

, (5)

where both the half-width at half-maximum (HWHM) 𝑤(𝑛𝑒) and the
shift 𝑑(𝑛𝑒), relative to the unshifted spectral line position 𝜔0, depend
on the density (it will be shown in Section 4.1, however, that the
results are readily applicable to non-Lorentzian shapes). Although not
universal, the Lorentzian shape is a very good approximation for a
large class of spectral lines known as isolated transitions, with the
main broadening mechanism well described by the electron impact
approximation [9]. In fact, a large volume of line-broadening com-
putational and experimental results for isolated lines are presented in
numerous published compilations and on-line databases (e.g., [9,14–
16]) as tabulated values of 𝑤1 and 𝑑. The impact model is also a
good approximation for ion broadening in low-density hydrogen plas-
mas [17]. Furthermore, Lorentzian emerges as the shape of the central
part of hydrogen and hydrogen-like transitions with a strong central
component [18]. Finally, about any line shape, unless it has a dip in
the center, can be reasonably approximated in its central part by a
Lorentzian.

The last assumption made is that each of 𝐽 (𝑛𝑒), 𝑤(𝑛𝑒), and 𝑑(𝑛𝑒) is
a power function of 𝑛𝑒 in a reasonable vicinity of 𝑛0, i.e.,

𝑤(𝑛𝑒) = 𝑤0𝜉
𝑎 (6)

𝑑(𝑛𝑒) = 𝑑0𝜉
𝑏 (7)

𝐽 (𝑛𝑒) = 𝐽0𝜉
𝑐 (8)

where the zero-indexed quantities are those at 𝑛𝑒 = 𝑛0.
Since the goal of this study is to quantify deviations from the

‘‘unperturbed’’ line shape (i.e., the line shape in the absence of density
fluctuations, having HWHM of 𝑤0 and centered at 𝜔0 + 𝑑0), the shifted
and scaled angular frequency

�̄� ≡ (𝜔 − 𝜔0 − 𝑑0)∕𝑤0 (9)

and the scaled shift

𝑑0 ≡ 𝑑0∕𝑤0 (10)

1 Or its doubled value, full width at half-maximum (FWHM).
2

are introduced, so that

𝐼(�̄�)∕𝐽0 =
𝐶𝐺(𝜎)

𝜎𝜋
√

2𝜋 ∫

∞

0
𝑑𝜉

𝜉𝑎+𝑐 exp
[

− (𝜉−1)2

2𝜎2

]

[

�̄� + 𝑑0(1 − 𝜉𝑏)
]2 + 𝜉2𝑎

(11a)

and

𝐼(�̄�)∕𝐽0 =
1

𝜎𝜋
√

2𝜋 ∫

∞

0
𝑑𝜉

𝜉𝑎+𝑐−1 exp
[

− (ln 𝜉)2

2𝜎2

]

[

�̄� + 𝑑0(1 − 𝜉𝑏)
]2 + 𝜉2𝑎

(11b)

for the Gaussian and log-normal distribution, respectively. The RHS of
these expressions is the sought-after resulting line shape. The difference
of its half-width from unity and its shift are, respectively, the extra
width and shift (in units of 𝑤0) that the spectral line acquires due to
the density distribution, whereas its area is the spectrally integrated
intensity (in units of 𝐽0). The total (spectrally integrated) line intensity
can be factored out, leaving the normalized line shape

𝐿𝜏 (𝑎, 𝑏, 𝑐, 𝜎, 𝑑0; �̄�) = 𝐼(�̄�)∕𝐽𝜏 (𝑐, 𝜎) , (12)

here 𝜏 stands for the distribution type (𝐺 or LN) and

𝐽𝜏 (𝑐, 𝜎)
𝐽0

=
𝐶𝜏 (𝜎)

𝜎
√

2𝜋 ∫

∞

0
𝑑𝜉

⎧

⎪

⎨

⎪

⎩

𝜉𝑐 exp
[

− (𝜉−1)2

2𝜎2

]

, 𝜏 = 𝐺

𝜉𝑐−1 exp
[

− (ln 𝜉)2

2𝜎2

]

, 𝜏 = LN
(13)

(𝐶LN ≡ 1) with the small-𝜎 parabolic asymptotes

𝜏 (𝑐, 𝜎)∕𝐽0 =
𝜎→0

{

1 + 𝑐(𝑐−1)
2 𝜎2 , 𝜏 = 𝐺

1 + 𝑐2

2 𝜎
2 , 𝜏 = LN.

(14)

Evidently,

𝐿𝜏 (𝑎, 𝑏, 𝑐, 𝜎,−𝑑0; �̄�) = 𝐿𝜏 (𝑎, 𝑏, 𝑐, 𝜎, 𝑑0; −�̄�). (15)

Contrary to the ‘‘unperturbed’’ Lorentzian shape in the absence of
ny density distribution, 𝐿𝜏 (𝑎, 𝑏, 𝑐, 𝜎, 𝑑0; �̄�) is, in general, asymmetric.
herefore, it would be impossible to describe it by merely a width and
shift; instead, the widths and shifts at various fractions 𝑓 (0 ≤ 𝑓 ≤ 1)
f the line-shape maximum can be used. Formally, let us define two
ositions at which the horizontal line at the fractional height 𝑓 crosses
he line shape as 𝑤−

𝑓 and 𝑤+
𝑓 (to the left and to the right of the peak,

espectively):

𝜏 (… ; �̄�±
𝑓 ) = 𝑓 max

�̄� ∈ R
{𝐿𝜏 (… ; �̄�)}. (16)

hen, the fractional-height half-width and shift are [19]

̄ 𝑓 = 1
2
(�̄�+

𝑓 − �̄�−
𝑓 ) (17a)

and

𝑑𝑓 = 1
2
(�̄�+

𝑓 + �̄�−
𝑓 ), (17b)

respectively. Specifically, 𝑓 = 1∕4, 1∕2, 3∕4, and 1 (only the shift for
the latter, evidently) will be used, see Fig. 1. Note that the fractional-
height shift correction may even change its sign, as is seen in the figure
(a slight negative shift of the line peak).

3. Results

In the impact limit (i.e., virtually for all isolated lines), 𝑎 = 𝑏 = 1.
For hydrogen-like transitions, 𝑎 varies from unity in the impact limit to
2∕3 when the quasistatic approximation [9] holds. A notable exception
is the core of lines with a strong central Stark component, in particular,
Lyman-𝛼, attaining the so-called rotational broadening regime [18,20]
with 𝑎 = 1∕3 in the high-density/low-temperature limit. In any case,
each regime spans a large range of density so that 𝑎 can be safely
assumed constant on the scale of any reasonable 𝜎. The Stark shift
of hydrogen-like transition is exactly zero in the strict dipole approx-
imation [21], arising only due to the quadratic Stark effect because

of the state mixing with different principal quantum numbers and due
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Fig. 1. Definition of widths and shifts at various fractions of the line-shape maximum.
he area-normalized line shape shown corresponds to 𝑎 = 𝑏 = 1, 𝑐 = 2, and 𝑑0 = 0.25.
he log-normal density distribution with 𝜎 = 0.5 is assumed. For comparison, the

‘unperturbed’’ Lorentzian shape is also shown.

Fig. 2. 𝐽𝜏 (𝑐, 𝜎)∕𝐽0 for 𝑐 = 1, 2, and 3. The 𝜎 → 0 parabolic asymptotes are shown by
the dashed lines.

to non-dipole interactions in the full-Coulomb-interaction models [22–
24]. These effects result in nearly linear dependence of the shift on
𝑛𝑒 (e.g., see [5,19]), i.e., 𝑏 ≈ 1. The line-intensity dependence on the
density is typically quadratic—proportional to the number of emitting
atoms and the number of electrons causing atomic level excitation per
a plasma volume element, i.e., 𝑐 = 2 (e.g., see Refs. [1,25]). However,
if the plasma is close to the local thermodynamic equilibrium (LTE),
the relative level populations become largely insensitive to the density,
i.e., 𝑐 ≈ 1. Dipole-forbidden transitions may be more sensitive to 𝑛𝑒,
however. Due to the Stark-effect induced mixing of atomic states with
opposite parities, the radiative transition rate of such a transition, in the
weak-field limit, depends on the second order of the plasma microfield
magnitude, i.e., as 𝑛4∕3𝑒 [9]. Obviously, multiple concurring plasma-
kinetics processes modify this dependence. To a good approximation,
one extra power of the 𝑛𝑒-dependence can be assumed for forbidden
lines, i.e., 𝑐 ≈ 2 and 𝑐 ≈ 3 for the LTE and non-LTE conditions, respec-
tively. Self-absorption (opacity) may significantly reduce the sensitivity
of the line intensity to the density, and furthermore, opacity deforms
the line shapes. For these reasons, optically thick lines are rarely used
for density diagnostics.

Based on the considerations above, five sets of the exponents {𝑎, 𝑏, 𝑐}
are selected for the tabulations: {1, 1, 2}, {2∕3, 1, 2}, {1, 1, 3}, {1, 1, 1},
and {2∕3, 1, 1}. Variations of the line intensity 𝐽𝜏 (𝑐, 𝜎)∕𝐽0 as a function
of 𝜎 are listed in Table 1 and shown in Fig. 2. Note the strong influence
3

Table 1
𝐽𝜏 (𝑐, 𝜎)∕𝐽0 for 𝑐 = 1, 2, and 3.

Gaussian distribution Log-normal distribution

𝜎 𝑐 = 1 𝑐 = 2 𝑐 = 3 𝑐 = 1 𝑐 = 2 𝑐 = 3

0.1 1.00 1.01 1.03 1.01 1.02 1.05
0.2 1.00 1.04 1.12 1.02 1.08 1.20
0.3 1.00 1.09 1.27 1.05 1.20 1.50
0.4 1.01 1.17 1.49 1.08 1.38 2.05
0.5 1.03 1.28 1.79 1.13 1.65 3.08
0.6 1.06 1.42 2.19 1.20 2.05 5.05
0.7 1.11 1.60 2.69 1.28 2.66 9.07
0.8 1.16 1.80 3.29 1.38 3.60 17.81
0.9 1.22 2.03 4.02 1.50 5.05 38.28
1.0 1.29 2.29 4.86 1.65 7.39 90.02

of 𝑐 on the line intensity. In particular, there is a significantly different
effect for allowed (𝑐 = 2) and forbidden (𝑐 = 3) lines in a non-LTE
plasma, especially in the case of the log-normal density distribution. In
general, ratios of intensities of specific spectral line pairs (e.g., dielec-
tronic satellites [26] or the inter-combination and resonance lines [27])
are often used for density diagnostics based on different sensitivity
of the intensities of these lines to 𝑛𝑒. Evidently, even a moderate
turbulence significantly impacts the density determination [3] based
on measurements of line ratios (cf. a similar problem arising due to the
temperature variations for plasma diagnostics based on 𝑇𝑒-sensitive line
ratios [28]).

For convenience, relative deviations of the fractional-height widths
and shifts from the respective ‘‘unperturbed’’ Lorentzian values (�̄�0𝑓

and 𝑑0) are reported,

𝛥�̃�𝑓 ≡ �̄�𝑓∕�̄�0𝑓 − 1 (18a)

𝛥𝑑𝑓 ≡ 𝑑𝑓∕𝑑0 − 1. (18b)

Examples of the line-width and line-shift corrections for an isolated
line (𝑎 = 𝑏 = 1) are given in Fig. 3a and Fig. 3b, respectively. Notably,
the corrections of the peak shift and of those at 3∕4-height and below
are of opposite signs (this can also be seen in Fig. 1). Furthermore,
the peak-shift correction is a non-monotonous function of 𝜎. Similar
graphs, but for the quasistatic broadening (𝑎 = 2∕3), are shown in
Fig. 3c & d. In this case, the broadening is more homogeneous (that is,
the extra widths at various heights are similar), and all shifts, including
the peak shift, have the same sign. The case of an isolated dipole-
forbidden transition is covered in Fig. 3e & f; it is qualitatively similar
to the previous case. Contrary to that, the shape of an isolated line in
an LTE plasma (panels g & h of the figure) is affected very differently:
Here, the line becomes somewhat narrower in its upper half. There
is also a significant decrease of the shift near the line peak, whereas
the line pedestal is shifted in the opposite direction by a comparable
value. Finally, a quasistatically broadened line under LTE conditions is
considered in Fig. 3i & j.

Tables 2–6 cover the width and shift corrections for a few values
of 𝑑0 from 0 to 1. Because of the symmetry relation (15), the tables
are directly applicable also for negative (‘‘red’’) shifts; indeed, a vast
majority of spectral lines are red-shifted due to the Stark effect. If
needed, the results can be interpolated over 𝑑0 (within each table) and
over the 𝑎, 𝑏, and 𝑐 exponents (between the tables). Evidently, in cases
where such an interpolation is not applicable, Eqs. (11a) and (11b) can
be used directly.

4. Discussion

4.1. Application to non-Lorentzian line shapes

From Eqs. (17) and (18) it follows that

̄± ̄± ̃ ̄ ̃
𝑤𝑓 = 𝑤0𝑓 (1 + 𝛥𝑤𝑓 ) + 𝑑0(1 + 𝛥𝑑𝑓 ). (19)
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Fig. 3. Width (the upper panels) and shift (the lower panels) corrections at various fractional heights, as indicated in the legend. In columns from left to right: 𝑎 = 𝑏 = 1, 𝑐 = 2;
= 2∕3, 𝑏 = 1, 𝑐 = 2; 𝑎 = 𝑏 = 1, 𝑐 = 3; 𝑎 = 𝑏 = 𝑐 = 1; 𝑎 = 2∕3, 𝑏 = 𝑐 = 1. In all graphs, 𝑑0 = 0.25 with either Gaussian (solid lines) or log-normal (dashed lines) distribution assumed.
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his expression can be used to apply the density-distribution correc-
ions to non-Lorentzian line shapes, except that, instead of �̄�0𝑓 =
1∕𝑓 − 1 in the case of the Lorentzian shape, using appropriate an-

alytical or numerical values.2 In other words, the original line shape
is non-linearly stretched according to Eq. (19). For arbitrary value of
𝑓 , 𝛥�̃�𝑓 and 𝛥𝑑𝑓 can readily be obtained by inter- and extrapolation of
values from Tables 2–6.

As a demonstration, consider a high-𝑛 Rydberg transition in the
quasistatic limit. Its plasma-broadened shape is well described by the
quasicontiguous (QC) approximation [29]. In an ideal plasma, it is
given analytically by

𝐿QC(𝛽) =
1
𝜋 ∫

∞

0
cos(𝛽𝑥) exp(−𝑥3∕2)𝑑𝑥, (20)

where 𝛽 is a dimensionless quantity proportional to 𝜔−𝜔0; the propor-
tionality factor is irrelevant here. Let us further assume a moderate red
shift (say, 10% of the line FWHM, i.e., 𝑑0 = −0.2) due to the quadratic
Stark effect. Using the respective values from Table 3 and interpolating
them with a spline, one obtains a line shape that is in an excellent
agreement with the exact calculation based on Eq. (2), as shown in
Fig. 4. Note that this approach is also applicable to line shapes with
multiple peaks, e.g., the hydrogen Balmer-𝛽 line.

4.2. Minimizing uncertainties

A practical question can be asked: Which kind of spectral lines
provides the most reliable density diagnostics if the density distribution
is not known? Reviewing the results presented here (in particular,
see Fig. 3), there appears to be no universal answer. It can be said,
however, that the linear dependence of the line intensity or its absorp-
tion on the density, i.e., 𝑐 = 1, results in the least uncertainty if the
line width is used for the diagnostics. Within the 𝑐 = 1 domain, the
quasistatic-like width dependence (𝑎 = 2∕3) ensures the least distorted
shape, whereas the impact broadening (𝑎 = 1) gives the least sensitivity
of FWHM. 𝑐 = 1, however, implies an LTE plasma which may or may
not be the case. The linear dependence on the density is typical for line
absorption from the ground state of an atom even when the plasma is
far from LTE. Thus, measurements of resonance-line absorption shapes
are attractive in this respect, provided they are feasible (a backlighting
source is present, etc.)

2 If the initial shape is asymmetric, different �̄�−
0𝑓 and �̄�+

0𝑓 should be used
for the left and right half-profiles, respectively.
4

Fig. 4. An effect of the log-normal density distribution with 𝜎 = 0.5 on a hypothetical
C line shape with 𝑑0 = −0.2 assumed, labeled as ‘‘Original’’. 𝑎 = 2∕3, 𝑏 = 1, and
= 2. The exact treatment according to Eq. (2) and the approximate one, based on the

nterpolated values from Table 3, are shown.

In the most common case (𝑐 = 2), however, there will unavoidably
e a substantial increase of the line width and, therefore, an over-
stimation of the inferred 𝑛𝑒. At first sight, it may appear that the
uasistatically broadened lines are preferable (cf. Fig. 3a and Fig. 3c),
specially if the density distribution is Gaussian. When using such lines,
owever, the inferred density scales as ∝ 𝑤3∕2, to be compared to ∝ 𝑤
n the case of the isolated or otherwise linearly broadened lines. This
tronger dependence largely negates smaller errors in the line width.

The answer is even less obvious in the case of line shifts. For all com-
inations considered, the shift corrections and their spread at different
eights are roughly similar. Given the challenges of shift measurements
n general (requirements of the absolute energy/wavelength calibration
nd, typically, smallness of the shift value compared to the line width)
nd larger theoretical uncertainties, this makes the density diagnostics
ased on line shifts even less reliable. There is, however, an interesting
ossibility of using a linear combination of line shifts at different
ractional heights: For example, consider a dipole-allowed isolated line
n a non-LTE plasma (Fig. 3b). In this case, an average value3 of the shift

3 In these examples, ‘‘average’’ does not suggest exactly equal weights in the
inear combinations; instead, they should be devised for a specific 𝑑0 based on

Tables 2–6.
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Table 2
Corrections (in %) to the fractional-height widths and shifts for 𝑎 = 1, 𝑏 = 1, 𝑐 = 2, and various values of the reduced shift 𝑑0.

Gaussian distribution Log-normal distribution

𝜎 𝛥�̃�3∕4 𝛥�̃�1∕2 𝛥�̃�1∕4 𝛥𝑑1 𝛥𝑑3∕4 𝛥𝑑1∕2 𝛥𝑑1∕4 𝛥�̃�3∕4 𝛥�̃�1∕2 𝛥�̃�1∕4 𝛥𝑑1 𝛥𝑑3∕4 𝛥𝑑1∕2 𝛥𝑑1∕4
𝑑0 = 0.0

0.1 0.01 0.51 1.00 0.50 1.01 1.51
0.2 0.21 2.21 4.05 2.08 4.08 6.12
0.3 1.20 5.46 9.15 4.88 9.42 14.15
0.4 3.76 10.50 16.17 9.16 17.35 26.16
0.5 8.01 17.14 24.73 15.24 28.40 43.07
0.6 13.60 24.95 34.36 23.54 43.33 66.30
0.7 20.14 33.58 44.73 34.60 63.23 97.95
0.8 27.34 42.77 55.61 49.15 89.65 141.14
0.9 35.00 52.36 66.84 68.19 124.79 200.43
1.0 42.99 62.24 78.33 93.09 171.83 282.68

𝑑0 = 0.2

0.1 0.10 0.58 1.04 −1.01 0.03 1.02 1.98 0.59 1.07 1.55 −0.50 0.51 1.50 2.51
0.2 0.61 2.47 4.21 −4.23 0.51 4.24 7.67 2.40 4.32 6.29 −1.94 2.13 6.03 10.15
0.3 2.22 6.08 9.56 −9.37 2.38 9.79 16.37 5.63 9.96 14.54 −4.20 5.12 13.73 23.34
0.4 5.60 11.59 16.90 −13.99 6.19 17.36 27.19 10.52 18.34 26.90 −7.05 9.78 24.94 42.92
0.5 10.66 18.70 25.77 −16.45 11.69 26.41 39.38 17.42 30.01 44.32 −10.23 16.50 40.31 70.39
0.6 16.98 26.95 35.70 −16.87 18.42 36.46 52.46 26.78 45.79 68.30 −13.48 25.73 60.84 108.19
0.7 24.19 35.99 46.35 −15.80 25.99 47.19 66.12 39.19 66.85 101.04 −16.58 38.07 88.06 160.04
0.8 32.00 45.56 57.49 −13.72 34.13 58.39 80.17 55.47 94.84 145.80 −19.39 54.32 124.15 231.54
0.9 40.25 55.51 68.98 −10.94 42.69 69.91 94.51 76.71 132.15 207.39 −21.85 75.56 172.25 331.07
1.0 48.80 65.74 80.72 −7.67 51.54 81.67 109.04 104.46 182.18 293.01 −23.87 103.35 236.91 471.32

𝑑0 = 0.4

0.1 0.35 0.76 1.16 −1.00 0.03 1.02 1.98 0.83 1.24 1.67 −0.49 0.51 1.50 2.51
0.2 1.74 3.22 4.70 −3.84 0.55 4.24 7.68 3.37 5.03 6.78 −1.83 2.15 6.04 10.17
0.3 4.91 7.73 10.64 −7.17 2.51 9.84 16.41 7.81 11.55 15.68 −3.69 5.19 13.77 23.40
0.4 10.03 14.26 18.65 −8.91 6.49 17.52 27.29 14.40 21.18 29.02 −5.63 10.01 25.11 43.11
0.5 16.72 22.35 28.19 −8.55 12.23 26.71 39.57 23.50 34.54 47.86 −7.31 17.06 40.76 70.88
0.6 24.52 31.51 38.74 −6.53 19.21 36.92 52.74 35.63 52.58 73.85 −8.46 26.88 61.86 109.26
0.7 33.09 41.40 49.98 −3.33 27.04 47.81 66.50 51.51 76.65 109.45 −8.93 40.15 90.05 162.18
0.8 42.20 51.78 61.69 0.67 35.45 59.16 80.65 72.18 108.74 158.31 −8.63 57.79 127.70 235.53
0.9 51.68 62.53 73.72 5.24 44.26 70.84 95.08 99.06 151.65 225.88 −7.47 81.07 178.24 338.19
1.0 61.43 73.52 86.00 10.20 53.35 82.76 109.71 134.16 209.47 320.32 −5.41 111.75 246.65 483.60

𝑑0 = 0.6

0.1 0.77 1.06 1.36 −0.97 0.04 1.02 1.98 1.22 1.54 1.87 −0.48 0.51 1.50 2.51
0.2 3.54 4.42 5.49 −3.37 0.60 4.25 7.69 4.94 6.19 7.59 −1.67 2.17 6.04 10.19
0.3 8.87 10.22 12.26 −5.28 2.66 9.89 16.46 11.25 14.08 17.51 −3.02 5.30 13.83 23.49
0.4 16.30 18.09 21.15 −5.20 6.78 17.68 27.41 20.38 25.60 32.34 −3.99 10.33 25.32 43.38
0.5 25.10 27.43 31.53 −3.12 12.70 27.01 39.78 32.67 41.44 53.26 −4.22 17.77 41.34 71.54
0.6 34.81 37.75 42.87 0.45 19.90 37.37 53.06 48.77 62.73 82.15 −3.49 28.25 63.13 110.66
0.7 45.14 48.74 54.87 5.03 27.96 48.42 66.92 69.61 91.12 121.84 −1.67 42.57 92.47 164.90
0.8 55.91 60.18 67.30 10.32 36.59 59.93 81.17 96.55 129.04 176.59 1.40 61.78 131.97 240.53
0.9 66.99 71.95 80.05 16.09 45.62 71.77 95.71 131.57 179.99 252.72 5.84 87.37 185.42 347.01
1.0 78.31 83.95 93.01 22.22 54.93 83.84 110.44 177.39 249.05 359.82 11.86 121.39 258.31 498.77

𝑑0 = 0.8

0.1 1.34 1.48 1.64 −0.94 0.05 1.02 1.98 1.77 1.95 2.15 −0.46 0.51 1.50 2.51
0.2 5.89 6.02 6.53 −2.86 0.68 4.25 7.69 7.05 7.76 8.68 −1.47 2.20 6.05 10.21
0.3 13.75 13.41 14.31 −3.65 2.89 9.93 16.50 15.76 17.45 19.93 −2.29 5.44 13.89 23.61
0.4 23.80 22.84 24.23 −2.25 7.17 17.79 27.53 28.00 31.33 36.63 −2.36 10.70 25.55 43.70
0.5 35.05 33.63 35.56 1.05 13.23 27.24 39.99 44.19 50.22 60.10 −1.34 18.53 41.93 72.27
0.6 47.01 45.29 47.80 5.72 20.56 37.73 53.36 65.13 75.46 92.52 0.96 29.63 64.39 112.16
0.7 59.45 57.55 60.66 11.31 28.74 48.91 67.32 92.06 109.09 137.17 4.74 44.89 94.86 167.76
0.8 72.22 70.22 73.92 17.55 37.50 60.55 81.68 126.79 154.09 199.02 10.20 65.52 136.19 245.70
0.9 85.25 83.17 87.48 24.22 46.67 72.52 96.31 171.92 214.83 285.52 17.59 93.24 192.49 356.06
1.0 98.46 96.34 101.25 31.22 56.12 84.72 111.14 231.19 297.65 407.99 27.27 130.43 269.82 514.25

𝑑0 = 1.0

0.1 2.07 2.01 1.99 −0.89 0.06 1.02 1.98 2.47 2.48 2.50 −0.44 0.52 1.50 2.52
0.2 8.68 7.99 7.81 −2.37 0.80 4.25 7.70 9.64 9.72 10.04 −1.26 2.24 6.06 10.24
0.3 19.16 17.19 16.73 −2.23 3.27 9.93 16.55 21.10 21.52 22.86 −1.58 5.60 13.94 23.73
0.4 31.72 28.40 27.76 0.17 7.89 17.83 27.64 36.83 38.14 41.71 −0.85 11.12 25.75 44.03
0.5 45.30 40.80 40.13 4.40 14.27 27.34 40.18 57.32 60.49 68.08 1.22 19.36 42.46 73.00
0.6 59.44 53.95 53.35 9.91 21.87 37.92 53.63 83.65 90.19 104.46 4.85 31.06 65.52 113.62
0.7 73.95 67.62 67.14 16.29 30.30 49.19 67.68 117.45 129.72 154.67 10.28 47.15 97.00 170.50
0.8 88.74 81.64 81.31 23.25 39.29 60.94 82.12 161.16 182.73 224.47 17.78 68.99 139.96 250.59
0.9 103.72 95.92 95.76 30.63 48.67 73.00 96.85 218.18 254.55 322.58 27.75 98.45 198.84 364.56
1.0 118.85 110.39 110.40 38.31 58.33 85.30 111.77 293.39 353.02 462.32 40.71 138.23 280.22 528.75
5
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Table 3
Same as Table 2 but for 𝑎 = 2∕3, 𝑏 = 1, 𝑐 = 2.

Gaussian distribution Log-normal distribution

𝜎 𝛥�̃�3∕4 𝛥�̃�1∕2 𝛥�̃�1∕4 𝛥𝑑1 𝛥𝑑3∕4 𝛥𝑑1∕2 𝛥𝑑1∕4 𝛥�̃�3∕4 𝛥�̃�1∕2 𝛥�̃�1∕4 𝛥𝑑1 𝛥𝑑3∕4 𝛥𝑑1∕2 𝛥𝑑1∕4
𝑑0 = 0.0

0.1 0.34 0.56 0.78 0.67 0.89 1.12
0.2 1.42 2.28 3.09 2.71 3.62 4.53
0.3 3.43 5.25 6.87 6.24 8.33 10.46
0.4 6.58 9.42 11.86 11.45 15.29 19.26
0.5 10.72 14.51 17.70 18.60 24.89 31.52
0.6 15.54 20.17 24.04 28.10 37.72 48.07
0.7 20.77 26.16 30.65 40.49 54.60 70.13
0.8 26.24 32.31 37.37 56.48 76.66 99.43
0.9 31.83 38.54 44.12 77.08 105.48 138.43
1.0 37.47 44.77 50.84 103.65 143.30 190.67

𝑑0 = 0.2

0.1 0.42 0.62 0.82 0.00 0.68 1.34 1.98 0.75 0.95 1.16 0.50 1.17 1.85 2.52
0.2 1.76 2.52 3.25 0.07 2.88 5.37 7.71 3.05 3.87 4.71 2.03 4.79 7.53 10.39
0.3 4.22 5.77 7.20 0.55 6.99 12.01 16.55 7.03 8.93 10.89 4.67 11.14 17.56 24.52
0.4 7.93 10.28 12.42 2.37 13.12 20.80 27.65 12.95 16.45 20.13 8.56 20.75 32.82 46.65
0.5 12.64 15.71 18.50 5.93 20.89 31.12 40.20 21.18 26.92 33.10 13.93 34.43 54.81 79.61
0.6 18.02 21.73 25.07 10.95 29.80 42.45 53.69 32.26 41.09 50.83 21.13 53.37 85.85 127.91
0.7 23.80 28.06 31.91 17.05 39.49 54.45 67.78 46.98 60.00 74.81 30.65 79.34 129.47 198.70
0.8 29.82 34.56 38.86 23.90 49.71 66.92 82.29 66.41 85.22 107.24 43.19 114.93 191.05 303.19
0.9 35.95 41.14 45.85 31.29 60.31 79.70 97.07 92.13 118.96 151.38 59.72 163.96 278.80 459.32
1.0 42.14 47.73 52.82 39.07 71.17 92.71 112.06 126.40 164.51 212.15 81.62 232.11 405.42 695.88

𝑑0 = 0.4

0.1 0.66 0.80 0.94 0.01 0.68 1.34 1.98 0.99 1.14 1.28 0.50 1.17 1.84 2.52
0.2 2.76 3.22 3.71 0.25 2.91 5.37 7.71 4.03 4.62 5.22 2.07 4.79 7.53 10.40
0.3 6.45 7.26 8.18 1.45 7.07 12.02 16.57 9.32 10.69 12.14 4.85 11.13 17.55 24.59
0.4 11.57 12.65 13.97 4.48 13.28 20.84 27.69 17.23 19.78 22.61 9.13 20.71 32.81 46.83
0.5 17.69 18.97 20.64 9.36 21.15 31.22 40.29 28.31 32.59 37.55 15.27 34.36 54.78 79.99
0.6 24.44 25.86 27.80 15.66 30.19 42.62 53.83 43.43 50.18 58.33 23.80 53.29 85.77 128.55
0.7 31.56 33.06 35.21 22.96 40.01 54.69 67.99 63.81 74.11 87.03 35.40 79.27 129.24 199.49
0.8 38.90 40.42 42.74 30.96 50.36 67.23 82.55 91.26 106.73 126.80 51.03 114.92 190.48 303.79
0.9 46.34 47.86 50.31 39.47 61.09 80.09 97.41 128.40 151.47 182.41 72.01 164.05 277.49 458.71
1.0 53.85 55.32 57.87 48.35 72.10 93.19 112.47 179.15 213.55 261.23 100.25 232.38 402.53 691.78

𝑑0 = 0.6

0.1 1.07 1.10 1.13 0.03 0.69 1.34 1.98 1.39 1.44 1.48 0.51 1.17 1.85 2.53
0.2 4.37 4.36 4.46 0.50 2.95 5.37 7.72 5.63 5.83 6.06 2.12 4.78 7.53 10.42
0.3 9.86 9.58 9.69 2.42 7.21 12.03 16.59 12.93 13.47 14.14 5.11 11.10 17.54 24.68
0.4 16.95 16.26 16.32 6.44 13.53 20.88 27.75 23.73 24.90 26.46 9.81 20.67 32.77 47.08
0.5 25.00 23.83 23.81 12.31 21.52 31.30 40.40 38.78 41.01 44.18 16.69 34.29 54.68 80.45
0.6 33.59 31.94 31.77 19.54 30.68 42.75 54.00 59.26 63.22 69.09 26.33 53.19 85.55 129.19
0.7 42.50 40.34 39.99 27.72 40.64 54.89 68.22 86.93 93.65 103.92 39.50 79.16 128.82 200.20
0.8 51.59 48.89 48.31 36.55 51.14 67.49 82.86 124.37 135.52 152.83 57.29 114.81 189.69 304.23
0.9 60.76 57.51 56.68 45.86 62.03 80.41 97.79 175.45 193.64 222.25 81.22 163.99 276.08 458.22
1.0 69.99 66.16 65.03 55.53 73.20 93.57 112.93 245.91 275.36 322.24 113.48 232.43 400.12 689.16

𝑑0 = 0.8

0.1 1.62 1.51 1.41 0.05 0.69 1.34 1.98 1.94 1.86 1.76 0.51 1.17 1.85 2.53
0.2 6.50 5.90 5.47 0.78 3.01 5.37 7.72 7.77 7.48 7.20 2.19 4.77 7.53 10.45
0.3 14.14 12.64 11.68 3.35 7.41 12.03 16.61 17.60 17.14 16.79 5.38 11.08 17.52 24.80
0.4 23.46 20.88 19.31 8.15 13.93 20.89 27.81 31.86 31.42 31.39 10.47 20.63 32.69 47.35
0.5 33.62 29.97 27.78 14.79 22.14 31.33 40.51 51.46 51.40 52.39 17.95 34.25 54.50 80.87
0.6 44.22 39.54 36.71 22.72 31.52 42.81 54.16 77.91 78.86 81.99 28.43 53.16 85.20 129.72
0.7 55.05 49.37 45.86 31.54 41.70 54.97 68.45 113.50 116.51 123.57 42.73 79.18 128.22 200.69
0.8 66.00 59.34 55.12 40.99 52.43 67.60 83.15 161.68 168.49 182.38 62.01 114.92 188.74 304.43
0.9 77.01 69.38 64.42 50.89 63.55 80.55 98.14 227.56 241.05 266.56 87.93 164.27 274.59 457.71
1.0 88.04 79.44 73.70 61.13 74.96 93.73 113.35 318.79 343.77 388.93 122.86 233.03 397.83 687.24

𝑑0 = 1.0

0.1 2.33 2.03 1.75 0.08 0.70 1.34 1.98 2.65 2.39 2.12 0.52 1.17 1.84 2.53
0.2 9.08 7.81 6.72 1.08 3.10 5.37 7.72 10.40 9.53 8.62 2.27 4.77 7.52 10.49
0.3 19.05 16.31 14.06 4.20 7.69 12.01 16.63 23.12 21.54 19.99 5.64 11.07 17.48 24.93
0.4 30.65 26.35 22.84 9.64 14.46 20.85 27.85 41.14 39.02 37.15 11.07 20.62 32.58 47.59
0.5 42.96 37.16 32.40 16.86 22.93 31.27 40.59 65.54 63.21 61.71 19.03 34.27 54.25 81.21
0.6 55.58 48.38 42.39 25.32 32.57 42.74 54.30 98.15 96.26 96.29 30.14 53.26 84.76 130.09
0.7 68.36 59.83 52.59 34.64 42.99 54.90 68.63 141.85 141.53 144.94 45.26 79.40 127.52 200.97
0.8 81.21 71.39 62.88 44.55 53.97 67.51 83.38 200.93 204.10 214.02 65.62 115.35 187.66 304.43
0.9 94.08 83.01 73.20 54.89 65.33 80.45 98.42 281.77 291.70 313.43 92.94 165.02 273.00 457.13
1.0 106.95 94.65 83.52 65.55 76.98 93.61 113.67 393.93 416.22 458.79 129.75 234.27 395.53 685.60
6
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𝛥

Table 4
Same as Table 2 but for 𝑎 = 1, 𝑏 = 1, 𝑐 = 3.

Gaussian distribution Log-normal distribution

𝜎 𝛥�̃�3∕4 𝛥�̃�1∕2 𝛥�̃�1∕4 𝛥𝑑1 𝛥𝑑3∕4 𝛥𝑑1∕2 𝛥𝑑1∕4 𝛥�̃�3∕4 𝛥�̃�1∕2 𝛥�̃�1∕4 𝛥𝑑1 𝛥𝑑3∕4 𝛥𝑑1∕2 𝛥𝑑1∕4

𝑑0 = 0.0

0.1 1.01 1.50 1.98 1.52 2.02 2.53
0.2 4.17 6.01 7.73 6.24 8.33 10.46
0.3 9.67 13.34 16.62 14.76 19.72 24.90
0.4 17.34 22.92 27.79 28.10 37.71 48.05
0.5 26.65 34.05 40.46 47.97 64.87 83.70
0.6 37.05 46.19 54.07 77.07 105.44 138.36
0.7 48.17 58.98 68.31 119.71 166.45 223.12
0.8 59.79 72.22 82.95 182.87 259.66 357.31
0.9 71.75 85.77 97.88 278.08 405.31 575.35
1.0 83.95 99.54 113.01 424.86 638.91 940.24

𝑑0 = 0.2

0.1 1.09 1.56 2.02 0.01 1.03 2.00 2.94 1.60 2.08 2.57 0.50 1.52 2.52 3.54
0.2 4.52 6.25 7.88 0.12 4.41 7.88 11.12 6.58 8.58 10.63 2.06 6.30 10.36 14.65
0.3 10.46 13.84 16.95 0.99 10.47 17.07 23.06 15.58 20.32 25.33 4.83 15.02 24.44 34.95
0.4 18.66 23.72 28.32 3.60 18.87 28.58 37.31 29.70 38.87 48.91 9.08 28.83 46.62 67.71
0.5 28.47 35.15 41.19 8.07 28.90 41.55 52.93 50.77 66.94 85.32 15.26 49.59 80.16 118.78
0.6 39.35 47.58 55.00 13.94 39.98 55.43 69.38 81.71 108.97 141.24 24.01 80.22 130.54 198.40
0.7 50.93 60.65 69.42 20.77 51.74 69.91 86.36 127.20 172.35 228.17 36.15 125.38 206.97 324.47
0.8 62.98 74.16 84.24 28.25 63.97 84.78 103.68 194.84 269.52 366.15 52.83 192.66 325.09 528.76
0.9 75.36 87.97 99.35 36.19 76.52 99.92 121.25 297.23 421.86 590.99 75.65 294.65 511.99 869.02
1.0 87.98 101.99 114.66 44.46 89.30 115.26 139.00 455.77 667.06 968.32 106.86 452.75 815.83 1453.01

𝑑0 = 0.4

0.1 1.34 1.74 2.14 0.02 1.03 2.00 2.94 1.84 2.26 2.69 0.51 1.52 2.52 3.54
0.2 5.55 6.94 8.33 0.42 4.44 7.89 11.13 7.59 9.32 11.14 2.18 6.32 10.37 14.66
0.3 12.69 15.25 17.87 2.31 10.56 17.10 23.08 17.96 22.05 26.58 5.38 15.10 24.49 35.02
0.4 22.15 25.89 29.75 6.42 19.05 28.66 37.37 34.25 42.20 51.41 10.74 29.10 46.81 67.94
0.5 33.16 38.05 43.10 12.41 29.19 41.70 53.03 58.58 72.75 89.86 19.01 50.31 80.74 119.41
0.6 45.17 51.16 57.38 19.70 40.39 55.66 69.53 94.40 118.69 149.18 31.20 81.86 132.00 199.94
0.7 57.82 64.90 72.25 27.85 52.28 70.21 86.55 147.31 188.35 241.88 48.65 128.77 210.22 327.96
0.8 70.91 79.05 87.51 36.57 64.63 85.15 103.93 226.53 295.86 389.88 73.27 199.25 331.83 536.32
0.9 84.30 93.49 103.05 45.70 77.30 100.37 121.55 347.46 465.68 632.56 107.96 307.04 525.46 885.00
1.0 97.90 108.13 118.78 55.12 90.20 115.79 139.34 536.50 741.22 1042.55 157.09 475.60 842.30 1486.40

𝑑0 = 0.6

0.1 1.75 2.04 2.34 0.05 1.04 2.00 2.94 2.24 2.56 2.89 0.52 1.52 2.52 3.54
0.2 7.19 8.05 9.06 0.80 4.49 7.89 11.13 9.22 10.52 11.98 2.34 6.34 10.37 14.68
0.3 16.06 17.43 19.29 3.62 10.69 17.14 23.11 21.73 24.83 28.58 6.12 15.21 24.55 35.12
0.4 27.30 29.14 31.87 8.88 19.28 28.75 37.44 41.26 47.39 55.30 12.67 29.47 47.07 68.26
0.5 39.97 42.31 45.90 15.98 29.53 41.86 53.16 70.36 81.61 96.78 22.98 51.22 81.49 120.26
0.6 53.54 56.38 60.82 24.30 40.84 55.90 69.71 113.24 133.24 161.07 38.32 83.83 133.82 201.95
0.7 67.67 71.04 76.31 33.42 52.85 70.53 86.80 176.85 211.97 262.12 60.50 132.72 214.17 332.41
0.8 82.19 86.09 92.18 43.06 65.32 85.55 104.23 272.76 334.38 424.54 92.29 206.82 339.93 545.81
0.9 96.97 101.40 108.31 53.08 78.11 100.85 121.90 420.54 529.39 692.89 137.91 321.19 541.59 904.84
1.0 111.95 116.91 124.63 63.36 91.12 116.34 139.75 654.03 848.80 1149.93 204.06 501.80 873.99 1527.63

𝑑0 = 0.8

0.1 2.32 2.45 2.61 0.08 1.05 2.00 2.94 2.80 2.98 3.17 0.54 1.52 2.52 3.54
0.2 9.36 9.54 10.04 1.21 4.56 7.90 11.14 11.42 12.16 13.12 2.55 6.37 10.38 14.71
0.3 20.32 20.26 21.13 4.85 10.88 17.16 23.15 26.66 28.51 31.23 6.91 15.37 24.61 35.25
0.4 33.64 33.29 34.57 11.03 19.60 28.82 37.52 50.21 54.12 60.33 14.58 29.90 47.33 68.63
0.5 48.26 47.68 49.40 18.98 29.97 41.99 53.29 85.14 92.89 105.58 26.67 52.20 82.25 121.20
0.6 63.66 62.91 65.09 28.10 41.41 56.09 69.90 136.69 151.49 175.95 44.71 85.81 135.62 204.10
0.7 79.56 78.68 81.32 37.96 53.53 70.79 87.04 213.50 241.30 287.14 70.97 136.50 218.08 337.07
0.8 95.78 94.81 97.91 48.33 66.11 85.88 104.53 330.10 381.88 467.09 108.99 213.91 347.93 555.62
0.9 112.23 111.19 114.76 59.04 79.01 101.25 122.27 511.26 607.70 766.61 164.33 334.39 557.48 925.17
1.0 128.85 127.75 131.78 70.00 92.14 116.81 140.17 800.27 980.92 1280.85 245.96 526.37 905.29 1569.71

𝑑0 = 1.0

0.1 3.03 2.97 2.95 0.12 1.05 2.00 2.94 3.50 3.51 3.53 0.56 1.53 2.52 3.55
0.2 11.96 11.39 11.24 1.63 4.65 7.90 11.15 14.11 14.20 14.53 2.77 6.41 10.39 14.74
0.3 25.18 23.68 23.33 5.98 11.16 17.17 23.18 32.51 32.96 34.44 7.69 15.55 24.67 35.38
0.4 40.65 38.20 37.73 12.88 20.10 28.85 37.59 60.57 62.11 66.30 16.35 30.40 47.57 69.02
0.5 57.28 53.99 53.47 21.53 30.68 42.05 53.41 102.01 106.07 115.82 29.96 53.27 82.92 122.13
0.6 74.57 70.55 70.01 31.28 42.32 56.20 70.07 163.23 172.61 193.06 50.28 87.85 137.24 206.19
0.7 92.29 87.59 87.08 41.75 54.63 70.94 87.27 254.96 274.98 315.70 80.00 140.20 221.57 341.54
0.8 110.28 104.96 104.49 52.69 67.39 86.08 104.81 395.28 436.19 515.35 123.36 220.48 355.08 564.90
0.9 128.48 122.55 122.13 63.97 80.46 101.50 122.60 615.23 696.99 849.93 187.16 346.09 571.76 944.28
1.0 146.82 140.32 139.95 75.48 93.75 117.11 140.56 969.34 1131.44 1428.55 282.48 547.59 933.54 1609.12
corrections at the line peak and at 3∕4 of its height stays very close to
zero up to a moderate level of the density fluctuations. Alternatively,
for the same line in an LTE plasma (Fig. 3h), an average of 𝛥𝑑1∕2 and
𝑑 can serve the same purpose.
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3∕4
4.3. Using line asymmetry to detect density distribution

It is possible to apply the results presented here to actually infer
the density distribution. Indeed, if the ‘‘unperturbed’’ line shape is
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Table 5
Same as Table 2 but for 𝑎 = 1, 𝑏 = 1, 𝑐 = 1.

Gaussian distribution Log-normal distribution

𝜎 𝛥�̃�3∕4 𝛥�̃�1∕2 𝛥�̃�1∕4 𝛥𝑑1 𝛥𝑑3∕4 𝛥𝑑1∕2 𝛥𝑑1∕4 𝛥�̃�3∕4 𝛥�̃�1∕2 𝛥�̃�1∕4 𝛥𝑑1 𝛥𝑑3∕4 𝛥𝑑1∕2 𝛥𝑑1∕4
𝑑0 = 0.0

0.1 −1.01 −0.50 −0.50 0.50
0.2 −4.12 −1.93 0.06 −1.92 1.96
0.3 −9.35 −4.05 0.32 −4.15 4.33
0.4 −15.21 −5.91 1.31 −6.98 7.50
0.5 −19.55 −6.42 3.62 −10.25 11.42
0.6 −21.80 −5.37 7.27 −13.81 16.02
0.7 −22.35 −3.06 11.96 −17.54 21.27
0.8 −21.70 0.15 17.40 −21.35 27.15
0.9 −20.19 4.02 23.39 −25.18 33.65
1.0 −18.10 8.36 29.77 −28.97 40.78

𝑑0 = 0.2

0.1 −0.92 −0.43 0.04 −2.06 −0.99 0.02 1.00 −0.42 0.06 0.54 −1.49 −0.49 0.49 1.49
0.2 −3.67 −1.64 0.25 −9.14 −3.74 0.30 3.98 −1.61 0.23 2.12 −5.78 −1.87 1.88 5.83
0.3 −7.77 −3.13 0.92 −23.62 −7.27 1.37 8.82 −3.46 0.50 4.68 −12.44 −3.93 3.94 12.72
0.4 −11.64 −3.88 2.66 −41.91 −10.08 3.60 15.21 −5.82 0.84 8.13 −20.79 −6.45 6.47 21.78
0.5 −14.14 −3.30 5.72 −57.71 −11.47 7.02 22.77 −8.55 1.25 12.40 −30.08 −9.27 9.27 32.70
0.6 −15.12 −1.43 9.95 −68.94 −11.47 11.43 31.19 −11.55 1.72 17.42 −39.62 −12.28 12.21 45.25
0.7 −14.78 1.49 15.08 −76.25 −10.34 16.62 40.22 −14.73 2.22 23.16 −48.87 −15.41 15.21 59.31
0.8 −13.45 5.21 20.90 −80.78 −8.35 22.40 49.70 −18.02 2.74 29.61 −57.49 −18.63 18.19 74.82
0.9 −11.37 9.53 27.22 −83.61 −5.71 28.63 59.52 −21.39 3.27 36.75 −65.16 −21.90 21.11 91.77
1.0 −8.74 14.28 33.92 −85.35 −2.58 35.21 69.60 −24.78 3.81 44.58 −71.94 −25.19 23.94 110.18

𝑑0 = 0.4

0.1 −0.66 −0.25 0.17 −2.04 −0.98 0.02 1.00 −0.18 0.24 0.66 −1.48 −0.49 0.49 1.49
0.2 −2.39 −0.81 0.79 −8.57 −3.70 0.31 3.99 −0.68 0.91 2.60 −5.68 −1.86 1.88 5.85
0.3 −4.24 −1.03 2.29 −19.13 −7.06 1.47 8.89 −1.47 1.95 5.73 −11.98 −3.86 3.98 12.78
0.4 −5.24 −0.14 5.14 −30.15 −9.38 3.99 15.44 −2.52 3.26 9.95 −19.58 −6.25 6.61 21.95
0.5 −5.04 2.09 9.33 −39.11 −9.97 7.86 23.24 −3.82 4.78 15.15 −27.81 −8.83 9.63 33.08
0.6 −3.68 5.47 14.63 −45.58 −9.06 12.78 31.94 −5.38 6.45 21.29 −36.13 −11.48 12.93 46.00
0.7 −1.34 9.76 20.74 −49.97 −7.03 18.49 41.27 −7.18 8.22 28.31 −44.20 −14.14 16.43 60.62
0.8 1.75 14.71 27.45 −52.83 −4.21 24.79 51.05 −9.21 10.06 36.21 −51.81 −16.80 20.06 76.92
0.9 5.42 20.16 34.61 −54.59 −0.80 31.50 61.16 −11.45 11.95 44.97 −58.83 −19.45 23.78 94.93
1.0 9.52 25.99 42.09 −55.58 3.04 38.54 71.52 −13.86 13.85 54.63 −65.17 −22.10 27.53 114.70

𝑑0 = 0.6

0.1 −0.24 0.06 0.37 −2.01 −0.98 0.02 1.00 0.22 0.53 0.86 −1.47 −0.49 0.49 1.49
0.2 −0.39 0.51 1.64 −7.95 −3.63 0.32 4.00 0.82 2.02 3.37 −5.52 −1.84 1.89 5.87
0.3 0.74 1.94 4.22 −16.12 −6.91 1.56 8.96 1.68 4.26 7.40 −11.36 −3.77 4.03 12.86
0.4 3.09 4.71 8.31 −23.66 −8.94 4.33 15.66 2.58 7.03 12.77 −18.18 −5.99 6.79 22.18
0.5 6.19 8.71 13.72 −29.28 −8.95 8.56 23.69 3.33 10.15 19.36 −25.40 −8.28 10.08 33.59
0.6 10.02 13.71 20.15 −32.99 −7.35 13.92 32.65 3.79 13.53 27.08 −32.67 −10.52 13.81 46.97
0.7 14.52 19.47 27.32 −35.16 −4.63 20.07 42.25 3.90 17.09 35.91 −39.75 −12.66 17.91 62.29
0.8 19.57 25.81 35.03 −36.20 −1.13 26.80 52.30 3.64 20.77 45.84 −46.53 −14.69 22.32 79.56
0.9 25.07 32.57 43.14 −36.40 2.91 33.94 62.67 3.01 24.56 56.91 −52.91 −16.65 26.97 98.86
1.0 30.92 39.65 51.55 −36.00 7.34 41.39 73.29 2.05 28.41 69.16 −58.84 −18.56 31.82 120.28

𝑑0 = 0.8

0.1 0.35 0.49 0.65 −1.98 −0.97 0.02 1.00 0.76 0.94 1.13 −1.45 −0.49 0.49 1.49
0.2 2.19 2.25 2.78 −7.32 −3.53 0.33 4.01 2.85 3.54 4.42 −5.33 −1.81 1.89 5.89
0.3 6.63 5.65 6.59 −13.78 −6.61 1.62 9.03 5.79 7.34 9.61 −10.70 −3.64 4.08 12.97
0.4 12.87 10.45 12.00 −19.13 −8.59 4.56 15.87 9.07 11.91 16.43 −16.80 −5.67 6.98 22.45
0.5 19.63 16.31 18.66 −22.67 −8.63 9.08 24.09 12.30 16.99 24.69 −23.17 −7.69 10.54 34.16
0.6 26.46 22.98 26.25 −24.58 −6.83 14.76 33.26 15.21 22.41 34.32 −29.56 −9.56 14.69 48.02
0.7 33.26 30.29 34.52 −25.21 −3.63 21.26 43.09 17.66 28.09 45.30 −35.83 −11.24 19.38 64.04
0.8 40.27 38.08 43.27 −24.89 0.46 28.34 53.36 19.58 33.98 57.67 −41.89 −12.72 24.54 82.29
0.9 47.64 46.23 52.39 −23.88 5.05 35.82 63.97 20.97 40.05 71.50 −47.68 −14.03 30.12 102.88
1.0 55.36 54.65 61.77 −22.36 9.96 43.59 74.81 21.84 46.29 86.88 −53.18 −15.23 36.05 125.97

𝑑0 = 1.0

0.1 1.10 1.03 1.01 −1.93 −0.96 0.02 1.00 1.45 1.46 1.48 −1.43 −0.48 0.49 1.50
0.2 5.22 4.38 4.15 −6.73 −3.39 0.32 4.02 5.34 5.42 5.73 −5.13 −1.77 1.90 5.92
0.3 12.77 10.00 9.33 −11.88 −6.02 1.61 9.09 10.68 11.06 12.29 −10.05 −3.49 4.13 13.08
0.4 22.12 17.01 16.11 −15.67 −7.37 4.63 16.05 16.60 17.71 20.76 −15.52 −5.31 7.16 22.73
0.5 31.94 24.81 24.05 −17.76 −6.92 9.34 24.42 22.52 24.99 30.90 −21.17 −7.04 10.95 34.73
0.6 41.80 33.22 32.83 −18.38 −4.90 15.28 33.77 28.13 32.69 42.65 −26.85 −8.56 15.48 49.04
0.7 51.66 42.12 42.21 −17.88 −1.71 22.05 43.79 33.22 40.73 56.01 −32.44 −9.85 20.69 65.71
0.8 61.59 51.41 52.02 −16.55 2.31 29.39 54.25 37.71 49.08 71.09 −37.89 −10.89 26.53 84.87
0.9 71.62 61.01 62.17 −14.60 6.91 37.13 65.05 41.54 57.72 87.99 −43.17 −11.72 32.94 106.66
1.0 81.77 70.85 72.55 −12.20 11.93 45.17 76.08 44.72 66.66 106.87 −48.23 −12.36 39.87 131.30
8
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Table 6
Same as Table 2 but for 𝑎 = 2∕3, 𝑏 = 1, 𝑐 = 1.

Gaussian distribution Log-normal distribution

𝜎 𝛥�̃�3∕4 𝛥�̃�1∕2 𝛥�̃�1∕4 𝛥𝑑1 𝛥𝑑3∕4 𝛥𝑑1∕2 𝛥𝑑1∕4 𝛥�̃�3∕4 𝛥�̃�1∕2 𝛥�̃�1∕4 𝛥𝑑1 𝛥𝑑3∕4 𝛥𝑑1∕2 𝛥𝑑1∕4
𝑑0 = 0.0

0.1 −0.34 −0.11 0.11 0.22 0.44
0.2 −1.36 −0.40 0.49 0.01 0.89 1.78
0.3 −2.99 −0.68 1.29 0.05 2.02 4.02
0.4 −4.43 −0.38 2.84 0.16 3.62 7.19
0.5 −4.81 0.92 5.35 0.39 5.71 11.32
0.6 −4.03 3.17 8.68 0.76 8.32 16.46
0.7 −2.35 6.10 12.57 1.32 11.50 22.70
0.8 −0.07 9.49 16.81 2.11 15.28 30.14
0.9 2.62 13.17 21.28 3.17 19.71 38.91
1.0 5.58 17.04 25.87 4.52 24.87 49.18

𝑑0 = 0.2

0.1 −0.25 −0.05 0.15 −1.02 −0.33 0.34 1.00 0.08 0.28 0.49 −0.50 0.17 0.83 1.50
0.2 −0.98 −0.14 0.66 −4.32 −1.18 1.51 4.03 0.33 1.13 1.95 −1.97 0.68 3.32 6.06
0.3 −1.96 −0.03 1.71 −10.56 −1.99 3.89 9.07 0.75 2.55 4.40 −4.35 1.58 7.44 13.80
0.4 −2.42 0.82 3.63 −18.13 −1.68 7.83 15.96 1.38 4.56 7.89 −7.52 2.90 13.18 24.96
0.5 −1.81 2.71 6.54 −24.03 0.24 13.24 24.28 2.24 7.17 12.46 −11.34 4.69 20.57 39.86
0.6 −0.15 5.49 10.22 −27.49 3.58 19.78 33.63 3.35 10.42 18.18 −15.67 7.00 29.67 58.97
0.7 2.30 8.91 14.44 −28.91 7.96 27.15 43.67 4.74 14.34 25.16 −20.37 9.87 40.59 82.92
0.8 5.30 12.76 19.01 −28.90 13.10 35.11 54.22 6.43 19.00 33.53 −25.29 13.32 53.50 112.54
0.9 8.67 16.89 23.78 −27.89 18.77 43.48 65.11 8.45 24.44 43.45 −30.33 17.40 68.63 148.89
1.0 12.30 21.19 28.68 −26.15 24.84 52.17 76.26 10.81 30.73 55.13 −35.39 22.15 86.26 193.30

𝑑0 = 0.4

0.1 0.00 0.13 0.28 −1.01 −0.32 0.34 1.00 0.32 0.46 0.61 −0.50 0.17 0.83 1.50
0.2 0.11 0.62 1.16 −4.08 −1.15 1.51 4.03 1.26 1.84 2.43 −1.94 0.68 3.32 6.07
0.3 0.78 1.73 2.85 −8.81 −1.89 3.92 9.10 2.79 4.11 5.52 −4.18 1.56 7.44 13.86
0.4 2.43 3.82 5.58 −13.26 −1.42 7.94 16.05 4.86 7.26 9.91 −7.06 2.87 13.18 25.10
0.5 5.07 6.93 9.31 −15.93 0.77 13.51 24.47 7.42 11.28 15.68 −10.40 4.65 20.55 40.12
0.6 8.55 10.85 13.77 −16.67 4.42 20.24 33.94 10.44 16.18 22.93 −14.06 6.96 29.63 59.34
0.7 12.66 15.34 18.72 −15.88 9.14 27.82 44.12 13.89 22.00 31.79 −17.90 9.85 40.50 83.33
0.8 17.21 20.22 23.99 −13.97 14.61 35.98 54.80 17.75 28.78 42.44 −21.87 13.34 53.30 112.80
0.9 22.07 25.35 29.46 −11.24 20.61 44.57 65.83 22.01 36.59 55.09 −25.90 17.46 68.21 148.67
1.0 27.16 30.64 35.05 −7.91 27.01 53.47 77.13 26.67 45.52 70.02 −29.95 22.23 85.45 192.06

𝑑0 = 0.6

0.1 0.41 0.44 0.48 −0.99 −0.32 0.34 1.00 0.71 0.76 0.81 −0.49 0.17 0.83 1.51
0.2 1.85 1.84 1.96 −3.76 −1.10 1.51 4.03 2.77 2.99 3.23 −1.88 0.67 3.32 6.09
0.3 4.85 4.41 4.58 −7.28 −1.74 3.93 9.13 6.00 6.59 7.30 −3.96 1.54 7.43 13.94
0.4 9.26 8.14 8.38 −9.83 −1.16 8.03 16.15 10.18 11.45 13.05 −6.52 2.83 13.15 25.30
0.5 14.50 12.82 13.14 −10.59 1.21 13.72 24.68 15.14 17.47 20.55 −9.38 4.60 20.49 40.45
0.6 20.30 18.20 18.58 −9.68 5.09 20.63 34.27 20.73 24.63 29.90 −12.43 6.90 29.52 59.76
0.7 26.51 24.07 24.47 −7.47 10.06 28.38 44.58 26.87 32.93 41.25 −15.60 9.79 40.31 83.73
0.8 33.05 30.26 30.65 −4.30 15.79 36.72 55.40 33.49 42.44 54.83 −18.85 13.30 53.00 113.03
0.9 39.84 36.67 37.00 −0.42 22.04 45.49 66.59 40.57 53.22 70.90 −22.15 17.46 67.75 148.48
1.0 46.80 43.23 43.47 3.98 28.68 54.56 78.03 48.09 65.39 89.83 −25.48 22.28 84.73 191.11

𝑑0 = 0.8

0.1 0.97 0.86 0.75 −0.97 −0.31 0.34 1.00 1.26 1.17 1.08 −0.49 0.17 0.83 1.51
0.2 4.15 3.49 3.03 −3.42 −1.03 1.51 4.04 4.81 4.56 4.31 −1.82 0.67 3.31 6.12
0.3 9.77 7.86 6.80 −5.96 −1.45 3.92 9.15 10.18 9.87 9.66 −3.72 1.52 7.41 14.05
0.4 17.11 13.52 11.82 −7.18 −0.59 8.05 16.24 16.90 16.81 17.10 −5.98 2.80 13.09 25.51
0.5 25.20 20.01 17.75 −6.66 1.96 13.82 24.86 24.61 25.19 26.65 −8.43 4.56 20.38 40.76
0.6 33.63 27.05 24.29 −4.63 5.99 20.84 34.56 33.10 34.92 38.39 −11.02 6.86 29.33 60.12
0.7 42.27 34.47 31.23 −1.44 11.12 28.71 45.00 42.22 45.99 52.52 −13.69 9.75 40.04 84.05
0.8 51.07 42.16 38.43 2.60 17.01 37.18 55.94 51.89 58.49 69.30 −16.42 13.26 52.64 113.18
0.9 60.00 50.04 45.78 7.29 23.45 46.07 67.25 62.07 72.51 89.09 −19.20 17.44 67.27 148.32
1.0 69.04 58.04 53.23 12.45 30.28 55.26 78.82 72.73 88.20 112.34 −22.02 22.29 84.10 190.42

𝑑0 = 1.0

0.1 1.69 1.39 1.11 −0.94 −0.31 0.34 1.00 1.95 1.70 1.44 −0.48 0.17 0.83 1.51
0.2 6.89 5.51 4.36 −3.07 −0.93 1.51 4.04 7.31 6.50 5.66 −1.75 0.66 3.31 6.15
0.3 15.23 11.98 9.43 −4.81 −1.04 3.88 9.17 15.13 13.81 12.52 −3.48 1.51 7.38 14.16
0.4 25.30 19.81 15.79 −5.05 0.26 7.96 16.30 24.61 23.09 21.86 −5.48 2.79 13.00 25.72
0.5 35.97 28.29 22.97 −3.61 3.23 13.75 25.00 35.25 34.03 33.63 −7.62 4.56 20.21 41.03
0.6 46.82 37.14 30.69 −0.78 7.60 20.82 34.80 46.74 46.49 47.92 −9.85 6.88 29.08 60.39
0.7 57.73 46.26 38.76 3.12 13.01 28.77 45.33 58.95 60.49 64.96 −12.14 9.79 39.71 84.26
0.8 68.69 55.58 47.04 7.81 19.17 37.30 56.38 71.77 76.11 85.08 −14.48 13.33 52.23 113.26
0.9 79.70 65.05 55.46 13.07 25.87 46.26 67.78 85.19 93.50 108.72 −16.87 17.52 66.76 148.15
1.0 90.75 74.62 63.97 18.78 32.96 55.51 79.45 99.17 112.85 136.45 −19.31 22.38 83.49 189.89
9



Journal of Quantitative Spectroscopy and Radiative Transfer 315 (2024) 108889E. Stambulchik and Y. Maron

t
b
a
A

symmetric and the non-Stark broadening (e.g., due to the Doppler
effect) can also be assumed symmetric, a presence of any asymme-
try in the line shape can indicate a density distribution. The shifts
and widths at different fractional heights then can be obtained and
compared to the tabulated data [for the appropriate values of the
line-shape density-dependence parameters, Eqs. (6)–(8) and (10)] to
find a density distribution that gives the best match. Note that the
absolute energy/wavelength calibration is not required, the relative
shifts suffice. Evidently, the larger 𝑑0, the better accuracy is possible.

4.4. Units of measurements and ‘‘trivial’’ corrections

It is important to stress that all analytical expressions and tabulated
values refer to line shapes expressed as a function of the angular
frequency. The relative corrections remain unchanged if different, but
proportional to the angular frequency, units are used, e.g., energy or
wavenumber. However, wavelength units, that are still in wide use
in plasma spectroscopy studies, would require a proper conversion
except when the broadening, including the corrections in Tables 2–6,
is exceptionally small compared to the unperturbed line wavelength.
This is of particular importance for the accurate determination of line
shifts.

Another potential caveat when modeling, or comparing to, experi-
mental data, is a multiplicative factor, proportional to either 𝜔4 (if the
spectral power is measured) or 𝜔3 (if the instrument records the photon
numbers). Finally, the Boltzmann factor ∝ exp (−ℏ𝜔∕𝑘𝑇 ) needs to be
applied. Both of these non-linear corrections result in additional line
asymmetry. Again, this is especially important for the line-shift-based
analysis.

5. Conclusions

Any spectroscopy-based study of a plasma unavoidably collects light
emitted from a finite plasma volume over a finite time determined by
the spatial and temporal instrumental resolutions, respectively [2]. This
results in spectroscopic features that are affected by a distribution of
plasma parameters – notably, density and temperature – taking place
during the time of observation. Indeed, most plasmas, in particular,
unstable of turbulent ones, are characterized by non-uniformity of these
parameters.

The present study analyzes effects of the density distribution on
the shapes of discrete spectral lines often used for plasma density
diagnostics [1]. It is shown that such a distribution distorts line shapes
in a non-trivial way. Two distribution types, Gaussian and log-normal,
are investigated over a wide range of the distribution variance. In the
absence of a density distribution, the analysis assumes a Lorentzian line
shape with its properties (the integrated intensity, width, and shift)
dependent on the density via a small set of parameters [Eqs. (6)–(8)],
allowing for application to different regimes of line broadening under
various plasma conditions.

The results are presented analytically and also tabulated (Tables 2–
6) in the form of line-width and line-shift corrections to ease their
application in many cases. A way to apply these corrections to non-
Lorentzian line shapes, avoiding brute-force evaluation by Eq. (2), is
shown. This is of particular importance for line-shape modeling with
high computational costs, such as computer simulations [30]. Provided
also are considerations for choosing spectral lines to minimize uncer-
tainties if a density distribution is expected but its extent is unknown.
In addition, an approach for inferring the density distribution based on
the line-shape asymmetry is suggested.

Throughout this paper, no influence of temperature variations has
been considered. Obviously, temperature variations in the case of
isothermal turbulence [11–13] are absent. In some other cases, a direct
dependence (e.g., if the plasma evolution is adiabatic), or a statistical
correlation between 𝑛𝑒 and 𝑇 , can be assumed. Under such conditions,
he temperature dependences of the line width, shift, and intensity can
e accounted for by modifying the respective exponents in Eqs. (6)–(8),
t least as long as each of them can be approximated by a power law.
10

ddressing more complex situations requires future work.
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